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Problem Setup

Let (X, d) be a compact metric space (e.g. X C RP).
Let f: X — R be an unknown continuous function.
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Problem Setup
Let (X, d) be a compact metric space (e.g. X C RP).
Let f: X — R be an unknown continuous function.
Find
x* € argmax f(x),
xeX

with access to only sequential noisy function evaluations

Yy = f(x¢) + €, t=1,2,...
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Problem Setup

Given a budget T € N, select

X1y, xt € X
with small cumulative regret
T
Rr =) (f(x*) —f(xt))
t=1
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Problem Setup

Given a budget T € N, select

X1,...,XT € X
with small cumulative regret
T
Rr =) (f(x*) —f(xt))
t=1

Assumptions:
» f c J(, RKHS with p.d. kernel k(-, -)
> |[f=F<oo
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Bandits Optimization

Fort=1,..., T:

(1) Select x¢
(2) Receive noisy feedback yi = f(x¢) + et
(3) Improve for next time

Q\
UniGe | MaLGa
oo >



Bandits Optimization

Fort=1,..., T:

(1) Select x¢
(2) Receive noisy feedback y; = f(x¢) + €¢
(3) Improve for next time

How do we model f ? How do we improve over time?
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Bandits Optimization

Fort=1,...,T:

(1) Select x¢
(2) Receive noisy feedback y; = f(x¢) + €¢
(3) Improve for next time

How do we EFFICIENTLY model f ? How do we improve over time?
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Bandits Optimization

Fort=1,...,T:

(1) Select x¢
(2) Receive noisy feedback y; = f(x¢) + €¢
(3) Improve for next time

How do we EFFICIENTLY model f ? How do we EFFICIENTLY improve over time?
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Kernel Ridge Regression / Gaussian Process

Given (xi, yi)_;, let Ky € Rt st (K)ij = klxi, x5) and ke (x) = [k(x1, %), . .., k(xe, 01T,
forA>0
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Nystrom Approximation / Sparse GP

Nystrom equivalent formulation:

Let S = (%)M, C (xi)!, — Nystrém approximation k(x, x’) = ES(XJTQES(X’),
with Ks € RMM st (Ks)i; = k(Xi,%;) and ks (x) = [k(x1,%), ..., k(xpm, x)] T

~ 5.0

fo(x) = ke(x) T (Ke +AD) 7Y

fix)
°
o

F0x) = 5 (ke — Kb T (R 42D () "




BKB

Let f: X — R unknown function

0.0 0.2 0.4 0.6 08 1.0

(Calandriello, Carratino, Lazaric, Valko, Rosasco '19)
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BKB

At time t, collected (xi,yi);_; points

°] ; fort={1,...,T—1}do

0.0 0.2 0.4 0.6 08 1.0

. end

(Calandriello, Carratino, Lazaric, Valko, Rosasco '19)
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BKB

At time t, collected (xi,yi)i_; points, with S = (x\)M, C (x¢)}_,;

i=1 =

fort={1,..., T—1}do

fx)

0.0 0.2 0.4 0.6 0.8 1.0

P end

fe(x) = ke(x) T (K¢ +AD)71g

(Calandriello, Carratino, Lazaric, Valko, Rosasco '19)
s
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BKB

At time t, collected (xi,yi)i_; points, with S = (x\)M, C (x¢)}_,;

i=1 =

¢ fort={1,..., T—1}do

0.0 0.2 0.4 0.6 0.8 1.0

P end

fll) = k)T (Ke+AD G 2x) = 5 (K0 x) = ke(x) T (Ke + A1) kelx))

> =

(Calandriello, Carratino, Lazaric, Valko, Rosasco '19)
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BKB

At time t, collected (xi,yi)i_; points, with Sy = (x\)M, C (x¢)}_,;

fort={1,...,. T—1}do
Compute uy

0.0 0.2 0.4 0.6 0.8 1.0

. end
u(x) = fN‘t(X) + Boe(x)

(Calandriello, Carratino, Lazaric, Valko, Rosasco '19)
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BKB

At time t, collected (xi,yi)i_; points, with Sy = (x\)M, C (x¢)}_,;

®] fort={1,...,. T—1}do
Compute uy

0.0 0.2 0.4 0.6 0.8 1.0

. end
u(x) = ?t(x) + Boe(x)

(Calandriello, Carratino, Lazaric, Valko, Rosasco '19)
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BKB

At time t, collected (xi,yi)i_; points, with Sy = (x\)M, C (x¢)}_,;

i=1 =

o fort={1,...,. T—1}do
¢ — Compute u,
N ’ ﬁ X1 Select x¢;1 < argmax,cx wi(x);

Observe Yt4+1 = f(Xt+1) + €t+1;

0.0 0.2 0.4 0.6 0.8 1.0

« end
ug(x) = e (x) + B (x) — Xi1 = argmax ue(x)
xXE

(Calandriello, Carratino, Lazaric, Valko, Rosasco '19)
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BKB

At time t, collected (xi,yi)i_; points, with Sy = (%)M, C (xi)i_,;

®1 fort={1,..., T—1}do
] — U Compute u
< ‘] * Xt+1 Select x¢41 < argmax,cx wi(x);

Observe y 1 = f(x¢y1) + €1a1;

Set puyr o [02(x1), ..., 02 (x11);

Sample Sy 1 ~ P

0.0 0.2 0.4 0.6 08 1.0

. end

(Calandriello, Carratino, Lazaric, Valko, Rosasco '19)
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BKB: Regret

0.0 0.2 0.4 0.6 0.8 1.0
X

Guarantees of no-regret [Calandriello, Carratino, Lazaric, Valko, Rosasco '19]:
For the proper 3¢
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BKB: Numerics

° : ? fort={1,...,T—1}do
N I Compute u,
5 ’ % Xet1 Select x¢41 < argmax,cx ue(x);
e Observe yiy1 = f(x¢11) + €uy1;
) Set pris o [62(x1), ..., 82(xes1);
6 Sample Sy ~ ﬁu—l}
W e o4 ds a1 end

Computations: ?



BKB: Numerics

¢ p fort={1,..., T—1}do
¢ , S Compute 1,
’ ; o O Select x¢41 < argmax,cx wi(x);

Observe y 1 = f(xt41) + €1a1;

Set Pry1 o [02(x1), .-+, 02 (x¢+1)];

Sample Sy 1 ~ P

0.0 0.2 0.4 0.6 0.8 1.0

. end

> Over a discretized domain of f of cardinality A:
Time O(AdZ;T) with deg = [STI < T
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BKB: Numerics

&1 fort={1,..., T—1}do

“1 Compute u,

Select x¢41 < argmax,cx wi(x);
Observe yiy1 = f(x¢41) + €41
Set Pry1 o [62(x1), .-+, 02 (xe11)];

Sample Sy 1 ~ P

0‘.0 0‘2 014 N 0.‘5 O‘B l‘.O end
> Over a discretized domain of f of cardinality A:
Time O(AdZ;T) with deg = STl < T

> Over a continous domain of f, solving argmax, cx u¢(x) via optimization:
Time O(vdZ,T +vC,T)
. with v iterations and C,, cost per iteration of inner optimization
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Partition Trees

Definition:
Let (X1, )hen be families of subsets of X.

For each depth h € N, the family of
subsets X;, has cardinality N™.

The elements of X;, are called cells Xy, ;.

Each cell is identified by the centroid
Xhi € Xh,i s.t.

Xh,i = {X e X: d(X, Xh,i) < d(X, Xh’j) V] 75 ‘L}

ForallheNandi=1,...,N",

N
Xn,i = U;ZN(i—1)+1Xh+1,5-
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Partition Trees
Assumption (1):
There exist p € (0,1)and 0 < cp <1< ¢ St N: 2
forh>0andalli=1,...,N" )(O = h= o

B(xni,c20") C Xni C B(xni,c1p™) 0 4
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Partition Trees

Assumption (1):

There exist p € (0,1)and 0 < cp <1< ¢ St N: 2
forh>0andalli=1,... Nm )(O - ., hzo
*'
B(xni,c20") C Xni C B(xni,c1p™) 0 4
Lemma [Rando, C., Villa, Rosasco '21]: X ., v h=z1
Under (mild) and Ass. 1, ' —.‘_l_”_
forh > 0andforall 1 <i<NPh, 0o 4

sup  [f(x) — f(x")] < Vn,

X, x"E€Xn,i

with Vi ox Fplt
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>_<o = {x01}

fort=1{1,..., T}do

Compute I,

Select x; < argmax,.x i (x);

if then

e‘lse
Observe y, = f(x¢) + €4;
Setpiy1 o [63(xa), .-, ot (xd));

Sample Sy 1 ~ Py

end
end

L (xn,i) = we(xni) + Vi

UniGe | MakGa
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Ada-BKB

Xo,1

h.p. upper bound of f in cell X, ;



>_<o = {x0,1}
fort={1,..., T} do
Compute I,
Select x; < argmax, .5 [ (x);
if B.o(x.) <V, then
e‘lse
Observe y, = f(x¢) + €;
Set piy o [07(x1), .-, G7(xd));

Sample S¢ 1 ~ Py

end
end

Q
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Ada-BKB

>_<o = {x0,1}
fort={1,..., T}do
Compute [, 7;‘""

Select x; < argmax, 5 [;(x);
if B.o(x.) <V, then ﬂt’(}(x) < Vh
X1 = (X \ {x}) U{N children of x.};

else
Observe y, = f(x¢) + €4;

Set i1 o [02(x1), ..., o2 (x4)];
Sample S¢i1 ~Piy;

end

end
N children Oth'i — {Xh+1']'|N(i — 1) +1< ] < Nl}
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Ada-BKB

>2o = {x0,1}
fort={1,...,T}do
Compute I,
Select x; < argmax, 5 [;(x);
if p.o(x.) <V, then
X1 = (X \{x}) U{N children of x.};
else
Observe y, = f(x() + €y
Set Pt x [2(x1), ..., 52 (x)];
Sample S¢i1 ~Pega;

end

end
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Ada-BKB

>20 = {x0,1}
fort={1,..., T} do
Compute I,
Select x; < argmax, 5 [;(x);
if (.0(x) <V, then
Xer1 = (X \ {x¢}) U{N children of x.};

else
Observe y, = f(x¢) + €4

Set iy o [62(x1), ..., o2 (x4)];

Sample S¢y1 ~ Pry;

end
end
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Ada-BKB

>2o = {x0,1}
fort={1,...,T}do
Compute I,
Select x; < argmax, 5 [;(x);
if p.o(x.) <V, then
X1 = (X \{x}) U{N children of x.};
else
Observe y, = f(x() + €y
Set Pt x [2(x1), ..., 52 (x)];
Sample S¢i1 ~Pega;

end

end
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Ada-BKB

>20 = {x0,1}
fort={1,..., T} do
Compute I,
Select x; < argmax, 5 [;(x);
if (.0(x) <V, then
Xer1 = (X \ {x¢}) U{N children of x.};

else
Observe y, = f(x¢) + €4

Set iy o [62(x1), ..., o2 (x4)];

Sample S¢y1 ~ Pry;

end
end
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Ada-BKB

>20 = {x0,1}
fort={1,...,T}do
Compute I,
Select x; < argmax, 5 [;(x);
if (.0(x) <V, then
Xer1 = (X \ {x¢}) U{N children of x.};

else
Observe y, = f(x¢) + €4

Set Piy1 o [02(x1), ..., 02 (x¢)];
Sample S¢i1 ~Pega;

end

end
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Ada-BKB: Regret and Numerics

Guarantees of no-regret [Rando, Carratino, Villa, Rosasco '21]:
For the proper 3¢

Rr < VT
Computations:

Time O(d2;T?) with deg < T
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Computation comparison

Fixed discretization of f:

» GP-UCB: Time O(AT3)
(Srinivas, Krause, Kakade, Seeger '10)

> BKB: Time O(Ad2.T), Withder < T

(Calandriello, Carratino, Lazaric, Valko, Rosasco '19)

Adaptive discretization of f:

» AdaGP-UCB: Time O(T%)
(Shekhar, Javidi "18)

» Ada-BKB: Time O(d24T?), with deg < T
(Rando, Carratino, Villa, Rosasco "21)

Q
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In practice

Hartmann 6: Average regret Hartmann 6: Cumulative Time
2o — adabkb 10° —
"qé bkb
5‘2.5 : gz:;zucb L'é 10°
L2.0 S —— adabkb
g & N —— adagpuch
> 1.5 10 —— gpucb
1.0 bkb
0 200 400 600 0 200 400 600

T

Sublinear regret in a fraction of the time
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Contribution and Open Questions

Contributions:

Blending sketching, optimization and adaptive discretization techniques to derive
provably efficient algorithms in bandits optimization

Open questions:
> Batching?
» Random features BKB?
> ...
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Questions?
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Assumptions:

> There exists a non-decresing function g : [0, oo) — [0, o) such that g(0) = 0 and
such that for all x,x’ € X
die(x, x") < g(d(x,x")).

» There exist §, >0, « € (0,1], and C}, Cx > 0 such that

(Vr < 8x) Cr® < g(r) < Cpr®
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