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Kernel ridge regression
Regression

(x2, y2)

(x3, y3)

(x4, y4)
(x5, y5)(x1, y1)

(x7, ?)

(x6, ?)

f        *       

yi = f∗(xi) + εi i = 1, . . . , n

KRR

Kernel K-Means

Given n points, partition them into k clusters.

bC = min
[c1,...,cj ]

1
n

nX

i=1
min

j=1,...,k

��'(xi) � cj
��2

Feature map '(·) : Rd ! RD

(e.g., '([x , y ]) = [x , y , x2 + y2])
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minf∈H
1
n
∑n

i=1 |f(xi)− yi|2 + λ‖f‖2H

Solution

byc =bK

f̂λ(x) =
∑n

i=1 ciK(xi, x) c = (K̂ + λnI)−1ŷ

Complexity

• Statistics: optimal

• Computations: O(n3)
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Complexity

• Statistics: optimal

• Computations: O(n3)



Kernel ridge regression
Regression

(x2, y2)

(x3, y3)

(x4, y4)
(x5, y5)(x1, y1)

(x7, ?)

(x6, ?)

f        *       

yi = f∗(xi) + εi i = 1, . . . , n

KRR

Kernel K-Means

Given n points, partition them into k clusters.

bC = min
[c1,...,cj ]

1
n

nX

i=1
min

j=1,...,k

��'(xi) � cj
��2

Feature map '(·) : Rd ! RD

(e.g., '([x , y ]) = [x , y , x2 + y2])

Statistical and Computational Trade-O�s in Kernel K-Means NeurIPS 2018 - 2/7

minf∈H
1
n
∑n

i=1 |f(xi)− yi|2 + λ‖f‖2H

Solution

byc =bK

f̂λ(x) =
∑n

i=1 ciK(xi, x) c = (K̂ + λnI)−1ŷ
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Naive O(n3)
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by= bK <latexit sha1_base64="qC13duiMKtCvF+fwmr2+ZIuMwjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9bHfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH1Qsjdc=</latexit>ct<latexit sha1_base64="Cr9F3UUWIVS4ATr4/BRNa4iMtrY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3d7jLo=</latexit>� <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="qC13duiMKtCvF+fwmr2+ZIuMwjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9bHfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH1Qsjdc=</latexit>ct

<latexit sha1_base64="+TK2/W1PQUs2l0bi7YtQmnl1vvs=">AAACF3icbZDLSsNAFIYn9VbrLerChZtgEQShJFrUZdGNywr2Am0ok+lJO3RyYeZEKCEP4tqtPoM7cevSR/AtTNIsbOsPAz//OYdz5nNCwRWa5rdWWlldW98ob1a2tnd29/T9g7YKIsmgxQIRyK5DFQjuQws5CuiGEqjnCOg4k7us3nkCqXjgP+I0BNujI5+7nFFMo4F+xAZxXzEqAIMYz60kvgwxSSoDvWrWzFzGsrEKUyWFmgP9pz8MWOSBj0xQpXqWGaIdU4mcCUgq/UhBSNmEjqCXWp96oOw4/0BinKbJ0HADmT4fjTz9OxFTT6mp56SdHsWxWqxl4X+1XoTujR1zP4wQfDZb5EbCwMDIaBhDLoGhmKaGMsnTWw02ppIyTJnNbckZSRBJJWNjLZJYNu2LmnVVqz/Uq43bglKZHJMTckYsck0a5J40SYswkpAX8kretGftXfvQPmetJa2YOSRz0r5+AZRnn9I=</latexit>ct+1

Sketching O(M2n)

by

c

=bKnM

Splitting O((n/Q)3)

=

<latexit sha1_base64="Yxm6yPqRS4z+vhx349oMmbhk2cI=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVRIp6rLoRnBTwT6gjWUyuWmHTiZhZqKU0F9w7Va/wZ249R/8BP/CaZuFbT1w4XDOvZzL8RPOlHacb6uwsrq2vlHctLe2d3b3SvsHTRWnkkKDxjyWbZ8o4ExAQzPNoZ1IIJHPoeUPryd+6xGkYrG416MEvIj0BQsZJdpID90nFoBmPAB823N7pbJTcabAy8TNSRnlqPdKP90gpmkEQlNOlOq4TqK9jEjNKIex3U0VJIQOSR86hgoSgfKy6ddjfGKUAIexNCM0nqp/LzISKTWKfLMZET1Qi95E/M/rpDq89DImklSDoLOgMOVYx3hSAQ6YBKr5yBBCJTO/YjogklBtippLUZRwkMDHtm26cRebWCbNs4p7XqneVcu1q7ylIjpCx+gUuegC1dANqqMGokiiF/SK3qxn6936sD5nqwUrvzlEc7C+fgFqfZt3</latexit> eK1
<latexit sha1_base64="vEa/vj/i60SfMGnas7wqZcB0bYw=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVZJS1GXRjeCmgm2FNpbJ5KYdOpmEmYlSQn/BtVv9Bnfi1n/wE/wLp20WtvXAhcM593Iux084U9pxvq3Cyura+kZx097a3tndK+0ftFScSgpNGvNY3vtEAWcCmpppDveJBBL5HNr+8Gritx9BKhaLOz1KwItIX7CQUaKN9NB9YgFoxgPAN71qr1R2Ks4UeJm4OSmjHI1e6acbxDSNQGjKiVId10m0lxGpGeUwtrupgoTQIelDx1BBIlBeNv16jE+MEuAwlmaExlP170VGIqVGkW82I6IHatGbiP95nVSHF17GRJJqEHQWFKYc6xhPKsABk0A1HxlCqGTmV0wHRBKqTVFzKYoSDhL42LZNN+5iE8ukVa24Z5Xaba1cv8xbKqIjdIxOkYvOUR1dowZqIookekGv6M16tt6tD+tztlqw8ptDNAfr6xdsGJt4</latexit> eK2

<latexit sha1_base64="8iM3Ek5LCgJ99E3+m1dk5wSV/NY=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVRIRdVl0I7hpwT6gjWUyuWmHTiZhZqKU0F9w7Va/wZ249R/8BP/CaZuFbT1w4XDOvZzL8RPOlHacb6uwsrq2vlHctLe2d3b3SvsHTRWnkkKDxjyWbZ8o4ExAQzPNoZ1IIJHPoeUPbyZ+6xGkYrG416MEvIj0BQsZJdpID90nFoBmPAB816v3SmWn4kyBl4mbkzLKUeuVfrpBTNMIhKacKNVxnUR7GZGaUQ5ju5sqSAgdkj50DBUkAuVl06/H+MQoAQ5jaUZoPFX/XmQkUmoU+WYzInqgFr2J+J/XSXV45WVMJKkGQWdBYcqxjvGkAhwwCVTzkSGESmZ+xXRAJKHaFDWXoijhIIGPbdt04y42sUyaZxX3onJePy9Xr/OWiugIHaNT5KJLVEW3qIYaiCKJXtArerOerXfrw/qcrRas/OYQzcH6+gWd3ZuX</latexit> eKQ

<latexit sha1_base64="NXQnnP7/gBI2BtqiXF9da5lLrWE=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id7U3GzM4sM7NCWHL17FW/wZt49T/8BP/CSbIHk1jQUFR1090VJJxp47rfTmFtfWNzq7hd2tnd2z8oHx61tEwVhSaVXKpOQDRwJqBpmOHQSRSQOODQDka3U7/9BEozKR7MOAE/JgPBIkaJsVKrF4bS6H654lbdGfAq8XJSQTka/fJPL5Q0jUEYyonWXc9NjJ8RZRjlMCn1Ug0JoSMygK6lgsSg/Wx27QSfWSXEkVS2hMEz9e9ERmKtx3FgO2NihnrZm4r/ed3URNd+xkSSGhB0vihKOTYST1/HIVNADR9bQqhi9lZMh0QRamxAC1s0JRwU8EmpZLPxlpNYJa2LqndZrd3XKvWbPKUiOkGn6Bx56ArV0R1qoCai6BG9oFf05jw7786H8zlvLTj5zDFagPP1C/l5mI8=</latexit>. . .

<latexit sha1_base64="SiGOUJ7TlxCMB9M2VrkOSq6xQX4=">AAACAXicbVBNS8NAEJ3Urxq/qh69BIvgqSRS1GPRi8eK9gPaUDbbSbt0swm7G6GEnjx71d/gTbz6S/wJ/gu3bQ629cHA470ZZuYFCWdKu+63VVhb39jcKm7bO7t7+welw6OmilNJsUFjHst2QBRyJrChmebYTiSSKODYCka3U7/1hFKxWDzqcYJ+RAaChYwSbaQH2vN6pbJbcWdwVomXkzLkqPdKP91+TNMIhaacKNXx3ET7GZGaUY4Tu5sqTAgdkQF2DBUkQuVns1MnzplR+k4YS1NCOzP170RGIqXGUWA6I6KHatmbiv95nVSH137GRJJqFHS+KEy5o2Nn+rfTZxKp5mNDCJXM3OrQIZGEapPOwhZFCUeJfGLbJhtvOYlV0ryoeJeV6n21XLvJUyrCCZzCOXhwBTW4gzo0gMIAXuAV3qxn6936sD7nrQUrnzmGBVhfvxHmluo=</latexit>c1

<latexit sha1_base64="qbfnh3lGstuEjqh2S5B3k5jW4Yk=">AAACAXicbVDLSgNBEOz1GddX1KOXwSB4CrshqMegF48RzQOSJcxOepMhsw9mZoWw5OTZq36DN/Hql/gJ/oWTZA8msaChqOqmu8tPBFfacb6ttfWNza3two69u7d/cFg8Om6qOJUMGywWsWz7VKHgETY01wLbiUQa+gJb/uh26reeUCoeR496nKAX0kHEA86oNtID61V6xZJTdmYgq8TNSQly1HvFn24/ZmmIkWaCKtVxnUR7GZWaM4ETu5sqTCgb0QF2DI1oiMrLZqdOyLlR+iSIpalIk5n6dyKjoVLj0DedIdVDtexNxf+8TqqDay/jUZJqjNh8UZAKomMy/Zv0uUSmxdgQyiQ3txI2pJIybdJZ2KIYFShRTGzbZOMuJ7FKmpWye1mu3ldLtZs8pQKcwhlcgAtXUIM7qEMDGAzgBV7hzXq23q0P63PeumblMyewAOvrFxOBlus=</latexit>c2

<latexit sha1_base64="REIvv34VbY6kXdUnE8VcKt2I00o=">AAACAXicbVBNS8NAEJ3Urxq/qh69BIvgqSQi6rHoxWOL9gPaUDbbSbt0swm7G6GEnjx71d/gTbz6S/wJ/gu3bQ629cHA470ZZuYFCWdKu+63VVhb39jcKm7bO7t7+welw6OmilNJsUFjHst2QBRyJrChmebYTiSSKODYCkZ3U7/1hFKxWDzqcYJ+RAaChYwSbaQH2qv3SmW34s7grBIvJ2XIUeuVfrr9mKYRCk05UarjuYn2MyI1oxwndjdVmBA6IgPsGCpIhMrPZqdOnDOj9J0wlqaEdmbq34mMREqNo8B0RkQP1bI3Ff/zOqkOb/yMiSTVKOh8UZhyR8fO9G+nzyRSzceGECqZudWhQyIJ1SadhS2KEo4S+cS2TTbechKrpHlR8a4ql/XLcvU2T6kIJ3AK5+DBNVThHmrQAAoDeIFXeLOerXfrw/qctxasfOYYFmB9/QJFRpcK</latexit>cQ

<latexit sha1_base64="IcVKoZYCUAoY+AAlZl9QI09vefU=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVRIRdVl047KCfUAby2Ry0w6dTMLMRAmhv+DarX6DO3HrP/gJ/oXTNgvbeuDC4Zx7OZfjJ5wp7TjfVmlldW19o7xpb23v7O5V9g9aKk4lhSaNeSw7PlHAmYCmZppDJ5FAIp9D2x/dTPz2I0jFYnGvswS8iAwECxkl2kgPvScWgGY8AJz13X6l6tScKfAycQtSRQUa/cpPL4hpGoHQlBOluq6TaC8nUjPKYWz3UgUJoSMygK6hgkSgvHz69RifGCXAYSzNCI2n6t+LnERKZZFvNiOih2rRm4j/ed1Uh1dezkSSahB0FhSmHOsYTyrAAZNANc8MIVQy8yumQyIJ1aaouRRFCQcJfGzbpht3sYll0jqruRe187vzav26aKmMjtAxOkUuukR1dIsaqIkokugFvaI369l6tz6sz9lqySpuDtEcrK9ftLObpQ==</latexit>ey1

<latexit sha1_base64="Uep4dnNI2eSc/WKUh4h4+fFuzBc=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVZJS1GXRjcsK9gFtLJPJTTt0MgkzEyWU/oJrt/oN7sSt/+An+BdO2yxs64ELh3Pu5VyOn3CmtON8W4W19Y3NreK2vbO7t39QOjxqqTiVFJo05rHs+EQBZwKammkOnUQCiXwObX90M/XbjyAVi8W9zhLwIjIQLGSUaCM99J5YAJrxAHDWr/ZLZafizIBXiZuTMsrR6Jd+ekFM0wiEppwo1XWdRHtjIjWjHCZ2L1WQEDoiA+gaKkgEyhvPvp7gM6MEOIylGaHxTP17MSaRUlnkm82I6KFa9qbif1431eGVN2YiSTUIOg8KU451jKcV4IBJoJpnhhAqmfkV0yGRhGpT1EKKooSDBD6xbdONu9zEKmlVK+5FpXZXK9ev85aK6ASdonPkoktUR7eogZqIIole0Ct6s56td+vD+pyvFqz85hgtwPr6BbZOm6Y=</latexit>ey2

<latexit sha1_base64="xFATqgcYR2tG3gne6UQjrIpqib0=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVRIp6rLoxmUL9gFtLJPJTTt0MgkzE6WE/oJrt/oN7sSt/+An+BdO2yxs64ELh3Pu5VyOn3CmtON8W4W19Y3NreK2vbO7t39QOjxqqTiVFJo05rHs+EQBZwKammkOnUQCiXwObX90O/XbjyAVi8W9HifgRWQgWMgo0UZ66D2xADTjAeBxv9EvlZ2KMwNeJW5OyihHvV/66QUxTSMQmnKiVNd1Eu1lRGpGOUzsXqogIXREBtA1VJAIlJfNvp7gM6MEOIylGaHxTP17kZFIqXHkm82I6KFa9qbif1431eG1lzGRpBoEnQeFKcc6xtMKcMAkUM3HhhAqmfkV0yGRhGpT1EKKooSDBD6xbdONu9zEKmldVNzLSrVRLddu8paK6ASdonPkoitUQ3eojpqIIole0Ct6s56td+vD+pyvFqz85hgtwPr6BegTm8U=</latexit>eyQ

<latexit sha1_base64="3r0eFilxlrrjOE4cZX4S+l+5v2U=">AAACBHicbVA9TwJBEN3DL8Qv1NJmIzGxIneGqCXRxhITARO4kL29OVjZ273s7pGQC621rf4GO2Pr//An+C9c4AoBXzLJy3szmZkXJJxp47rfTmFtfWNzq7hd2tnd2z8oHx61tEwVhSaVXKrHgGjgTEDTMMPhMVFA4oBDOxjeTv32CJRmUjyYcQJ+TPqCRYwSY6VWdxRKo3vlilt1Z8CrxMtJBeVo9Mo/3VDSNAZhKCdadzw3MX5GlGGUw6TUTTUkhA5JHzqWChKD9rPZtRN8ZpUQR1LZEgbP1L8TGYm1HseB7YyJGehlbyr+53VSE137GRNJakDQ+aIo5dhIPH0dh0wBNXxsCaGK2VsxHRBFqLEBLWzRlHBQwCelks3GW05ilbQuqt5ltXZfq9Rv8pSK6ASdonPkoStUR3eogZqIoif0gl7Rm/PsvDsfzue8teDkM8doAc7XLxa2mKE=</latexit>...
<latexit sha1_base64="3r0eFilxlrrjOE4cZX4S+l+5v2U=">AAACBHicbVA9TwJBEN3DL8Qv1NJmIzGxIneGqCXRxhITARO4kL29OVjZ273s7pGQC621rf4GO2Pr//An+C9c4AoBXzLJy3szmZkXJJxp47rfTmFtfWNzq7hd2tnd2z8oHx61tEwVhSaVXKrHgGjgTEDTMMPhMVFA4oBDOxjeTv32CJRmUjyYcQJ+TPqCRYwSY6VWdxRKo3vlilt1Z8CrxMtJBeVo9Mo/3VDSNAZhKCdadzw3MX5GlGGUw6TUTTUkhA5JHzqWChKD9rPZtRN8ZpUQR1LZEgbP1L8TGYm1HseB7YyJGehlbyr+53VSE137GRNJakDQ+aIo5dhIPH0dh0wBNXxsCaGK2VsxHRBFqLEBLWzRlHBQwCelks3GW05ilbQuqt5ltXZfq9Rv8pSK6ASdonPkoStUR3eogZqIoif0gl7Rm/PsvDsfzue8teDkM8doAc7XLxa2mKE=</latexit>...



Accelerated KRR
Naive O(n3)

byc =bK

Iterating O(tn2)

by= bK <latexit sha1_base64="qC13duiMKtCvF+fwmr2+ZIuMwjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9bHfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH1Qsjdc=</latexit>ct<latexit sha1_base64="Cr9F3UUWIVS4ATr4/BRNa4iMtrY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3d7jLo=</latexit>� <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="qC13duiMKtCvF+fwmr2+ZIuMwjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9bHfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH1Qsjdc=</latexit>ct

<latexit sha1_base64="+TK2/W1PQUs2l0bi7YtQmnl1vvs=">AAACF3icbZDLSsNAFIYn9VbrLerChZtgEQShJFrUZdGNywr2Am0ok+lJO3RyYeZEKCEP4tqtPoM7cevSR/AtTNIsbOsPAz//OYdz5nNCwRWa5rdWWlldW98ob1a2tnd29/T9g7YKIsmgxQIRyK5DFQjuQws5CuiGEqjnCOg4k7us3nkCqXjgP+I0BNujI5+7nFFMo4F+xAZxXzEqAIMYz60kvgwxSSoDvWrWzFzGsrEKUyWFmgP9pz8MWOSBj0xQpXqWGaIdU4mcCUgq/UhBSNmEjqCXWp96oOw4/0BinKbJ0HADmT4fjTz9OxFTT6mp56SdHsWxWqxl4X+1XoTujR1zP4wQfDZb5EbCwMDIaBhDLoGhmKaGMsnTWw02ppIyTJnNbckZSRBJJWNjLZJYNu2LmnVVqz/Uq43bglKZHJMTckYsck0a5J40SYswkpAX8kretGftXfvQPmetJa2YOSRz0r5+AZRnn9I=</latexit>ct+1

Sketching O(M2n)

by

c

=bKnM

Splitting O((n/Q)3)

=

<latexit sha1_base64="Yxm6yPqRS4z+vhx349oMmbhk2cI=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVRIp6rLoRnBTwT6gjWUyuWmHTiZhZqKU0F9w7Va/wZ249R/8BP/CaZuFbT1w4XDOvZzL8RPOlHacb6uwsrq2vlHctLe2d3b3SvsHTRWnkkKDxjyWbZ8o4ExAQzPNoZ1IIJHPoeUPryd+6xGkYrG416MEvIj0BQsZJdpID90nFoBmPAB823N7pbJTcabAy8TNSRnlqPdKP90gpmkEQlNOlOq4TqK9jEjNKIex3U0VJIQOSR86hgoSgfKy6ddjfGKUAIexNCM0nqp/LzISKTWKfLMZET1Qi95E/M/rpDq89DImklSDoLOgMOVYx3hSAQ6YBKr5yBBCJTO/YjogklBtippLUZRwkMDHtm26cRebWCbNs4p7XqneVcu1q7ylIjpCx+gUuegC1dANqqMGokiiF/SK3qxn6936sD5nqwUrvzlEc7C+fgFqfZt3</latexit> eK1
<latexit sha1_base64="vEa/vj/i60SfMGnas7wqZcB0bYw=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVZJS1GXRjeCmgm2FNpbJ5KYdOpmEmYlSQn/BtVv9Bnfi1n/wE/wLp20WtvXAhcM593Iux084U9pxvq3Cyura+kZx097a3tndK+0ftFScSgpNGvNY3vtEAWcCmpppDveJBBL5HNr+8Gritx9BKhaLOz1KwItIX7CQUaKN9NB9YgFoxgPAN71qr1R2Ks4UeJm4OSmjHI1e6acbxDSNQGjKiVId10m0lxGpGeUwtrupgoTQIelDx1BBIlBeNv16jE+MEuAwlmaExlP170VGIqVGkW82I6IHatGbiP95nVSHF17GRJJqEHQWFKYc6xhPKsABk0A1HxlCqGTmV0wHRBKqTVFzKYoSDhL42LZNN+5iE8ukVa24Z5Xaba1cv8xbKqIjdIxOkYvOUR1dowZqIookekGv6M16tt6tD+tztlqw8ptDNAfr6xdsGJt4</latexit> eK2

<latexit sha1_base64="8iM3Ek5LCgJ99E3+m1dk5wSV/NY=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVRIRdVl0I7hpwT6gjWUyuWmHTiZhZqKU0F9w7Va/wZ249R/8BP/CaZuFbT1w4XDOvZzL8RPOlHacb6uwsrq2vlHctLe2d3b3SvsHTRWnkkKDxjyWbZ8o4ExAQzPNoZ1IIJHPoeUPbyZ+6xGkYrG416MEvIj0BQsZJdpID90nFoBmPAB816v3SmWn4kyBl4mbkzLKUeuVfrpBTNMIhKacKNVxnUR7GZGaUQ5ju5sqSAgdkj50DBUkAuVl06/H+MQoAQ5jaUZoPFX/XmQkUmoU+WYzInqgFr2J+J/XSXV45WVMJKkGQWdBYcqxjvGkAhwwCVTzkSGESmZ+xXRAJKHaFDWXoijhIIGPbdt04y42sUyaZxX3onJePy9Xr/OWiugIHaNT5KJLVEW3qIYaiCKJXtArerOerXfrw/qcrRas/OYQzcH6+gWd3ZuX</latexit> eKQ

<latexit sha1_base64="NXQnnP7/gBI2BtqiXF9da5lLrWE=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id7U3GzM4sM7NCWHL17FW/wZt49T/8BP/CSbIHk1jQUFR1090VJJxp47rfTmFtfWNzq7hd2tnd2z8oHx61tEwVhSaVXKpOQDRwJqBpmOHQSRSQOODQDka3U7/9BEozKR7MOAE/JgPBIkaJsVKrF4bS6H654lbdGfAq8XJSQTka/fJPL5Q0jUEYyonWXc9NjJ8RZRjlMCn1Ug0JoSMygK6lgsSg/Wx27QSfWSXEkVS2hMEz9e9ERmKtx3FgO2NihnrZm4r/ed3URNd+xkSSGhB0vihKOTYST1/HIVNADR9bQqhi9lZMh0QRamxAC1s0JRwU8EmpZLPxlpNYJa2LqndZrd3XKvWbPKUiOkGn6Bx56ArV0R1qoCai6BG9oFf05jw7786H8zlvLTj5zDFagPP1C/l5mI8=</latexit>. . .

<latexit sha1_base64="SiGOUJ7TlxCMB9M2VrkOSq6xQX4=">AAACAXicbVBNS8NAEJ3Urxq/qh69BIvgqSRS1GPRi8eK9gPaUDbbSbt0swm7G6GEnjx71d/gTbz6S/wJ/gu3bQ629cHA470ZZuYFCWdKu+63VVhb39jcKm7bO7t7+welw6OmilNJsUFjHst2QBRyJrChmebYTiSSKODYCka3U7/1hFKxWDzqcYJ+RAaChYwSbaQH2vN6pbJbcWdwVomXkzLkqPdKP91+TNMIhaacKNXx3ET7GZGaUY4Tu5sqTAgdkQF2DBUkQuVns1MnzplR+k4YS1NCOzP170RGIqXGUWA6I6KHatmbiv95nVSH137GRJJqFHS+KEy5o2Nn+rfTZxKp5mNDCJXM3OrQIZGEapPOwhZFCUeJfGLbJhtvOYlV0ryoeJeV6n21XLvJUyrCCZzCOXhwBTW4gzo0gMIAXuAV3qxn6936sD7nrQUrnzmGBVhfvxHmluo=</latexit>c1

<latexit sha1_base64="qbfnh3lGstuEjqh2S5B3k5jW4Yk=">AAACAXicbVDLSgNBEOz1GddX1KOXwSB4CrshqMegF48RzQOSJcxOepMhsw9mZoWw5OTZq36DN/Hql/gJ/oWTZA8msaChqOqmu8tPBFfacb6ttfWNza3two69u7d/cFg8Om6qOJUMGywWsWz7VKHgETY01wLbiUQa+gJb/uh26reeUCoeR496nKAX0kHEA86oNtID61V6xZJTdmYgq8TNSQly1HvFn24/ZmmIkWaCKtVxnUR7GZWaM4ETu5sqTCgb0QF2DI1oiMrLZqdOyLlR+iSIpalIk5n6dyKjoVLj0DedIdVDtexNxf+8TqqDay/jUZJqjNh8UZAKomMy/Zv0uUSmxdgQyiQ3txI2pJIybdJZ2KIYFShRTGzbZOMuJ7FKmpWye1mu3ldLtZs8pQKcwhlcgAtXUIM7qEMDGAzgBV7hzXq23q0P63PeumblMyewAOvrFxOBlus=</latexit>c2

<latexit sha1_base64="REIvv34VbY6kXdUnE8VcKt2I00o=">AAACAXicbVBNS8NAEJ3Urxq/qh69BIvgqSQi6rHoxWOL9gPaUDbbSbt0swm7G6GEnjx71d/gTbz6S/wJ/gu3bQ629cHA470ZZuYFCWdKu+63VVhb39jcKm7bO7t7+welw6OmilNJsUFjHst2QBRyJrChmebYTiSSKODYCkZ3U7/1hFKxWDzqcYJ+RAaChYwSbaQH2qv3SmW34s7grBIvJ2XIUeuVfrr9mKYRCk05UarjuYn2MyI1oxwndjdVmBA6IgPsGCpIhMrPZqdOnDOj9J0wlqaEdmbq34mMREqNo8B0RkQP1bI3Ff/zOqkOb/yMiSTVKOh8UZhyR8fO9G+nzyRSzceGECqZudWhQyIJ1SadhS2KEo4S+cS2TTbechKrpHlR8a4ql/XLcvU2T6kIJ3AK5+DBNVThHmrQAAoDeIFXeLOerXfrw/qctxasfOYYFmB9/QJFRpcK</latexit>cQ

<latexit sha1_base64="IcVKoZYCUAoY+AAlZl9QI09vefU=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVRIRdVl047KCfUAby2Ry0w6dTMLMRAmhv+DarX6DO3HrP/gJ/oXTNgvbeuDC4Zx7OZfjJ5wp7TjfVmlldW19o7xpb23v7O5V9g9aKk4lhSaNeSw7PlHAmYCmZppDJ5FAIp9D2x/dTPz2I0jFYnGvswS8iAwECxkl2kgPvScWgGY8AJz13X6l6tScKfAycQtSRQUa/cpPL4hpGoHQlBOluq6TaC8nUjPKYWz3UgUJoSMygK6hgkSgvHz69RifGCXAYSzNCI2n6t+LnERKZZFvNiOih2rRm4j/ed1Uh1dezkSSahB0FhSmHOsYTyrAAZNANc8MIVQy8yumQyIJ1aaouRRFCQcJfGzbpht3sYll0jqruRe187vzav26aKmMjtAxOkUuukR1dIsaqIkokugFvaI369l6tz6sz9lqySpuDtEcrK9ftLObpQ==</latexit>ey1

<latexit sha1_base64="Uep4dnNI2eSc/WKUh4h4+fFuzBc=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVZJS1GXRjcsK9gFtLJPJTTt0MgkzEyWU/oJrt/oN7sSt/+An+BdO2yxs64ELh3Pu5VyOn3CmtON8W4W19Y3NreK2vbO7t39QOjxqqTiVFJo05rHs+EQBZwKammkOnUQCiXwObX90M/XbjyAVi8W9zhLwIjIQLGSUaCM99J5YAJrxAHDWr/ZLZafizIBXiZuTMsrR6Jd+ekFM0wiEppwo1XWdRHtjIjWjHCZ2L1WQEDoiA+gaKkgEyhvPvp7gM6MEOIylGaHxTP17MSaRUlnkm82I6KFa9qbif1431eGVN2YiSTUIOg8KU451jKcV4IBJoJpnhhAqmfkV0yGRhGpT1EKKooSDBD6xbdONu9zEKmlVK+5FpXZXK9ev85aK6ASdonPkoktUR7eogZqIIole0Ct6s56td+vD+pyvFqz85hgtwPr6BbZOm6Y=</latexit>ey2

<latexit sha1_base64="xFATqgcYR2tG3gne6UQjrIpqib0=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVRIp6rLoxmUL9gFtLJPJTTt0MgkzE6WE/oJrt/oN7sSt/+An+BdO2yxs64ELh3Pu5VyOn3CmtON8W4W19Y3NreK2vbO7t39QOjxqqTiVFJo05rHs+EQBZwKammkOnUQCiXwObX90O/XbjyAVi8W9HifgRWQgWMgo0UZ66D2xADTjAeBxv9EvlZ2KMwNeJW5OyihHvV/66QUxTSMQmnKiVNd1Eu1lRGpGOUzsXqogIXREBtA1VJAIlJfNvp7gM6MEOIylGaHxTP17kZFIqXHkm82I6KFa9qbif1431eG1lzGRpBoEnQeFKcc6xtMKcMAkUM3HhhAqmfkV0yGRhGpT1EKKooSDBD6xbdONu9zEKmldVNzLSrVRLddu8paK6ASdonPkoitUQ3eojpqIIole0Ct6s56td+vD+pyvFqz85hgtwPr6BegTm8U=</latexit>eyQ

<latexit sha1_base64="3r0eFilxlrrjOE4cZX4S+l+5v2U=">AAACBHicbVA9TwJBEN3DL8Qv1NJmIzGxIneGqCXRxhITARO4kL29OVjZ273s7pGQC621rf4GO2Pr//An+C9c4AoBXzLJy3szmZkXJJxp47rfTmFtfWNzq7hd2tnd2z8oHx61tEwVhSaVXKrHgGjgTEDTMMPhMVFA4oBDOxjeTv32CJRmUjyYcQJ+TPqCRYwSY6VWdxRKo3vlilt1Z8CrxMtJBeVo9Mo/3VDSNAZhKCdadzw3MX5GlGGUw6TUTTUkhA5JHzqWChKD9rPZtRN8ZpUQR1LZEgbP1L8TGYm1HseB7YyJGehlbyr+53VSE137GRNJakDQ+aIo5dhIPH0dh0wBNXxsCaGK2VsxHRBFqLEBLWzRlHBQwCelks3GW05ilbQuqt5ltXZfq9Rv8pSK6ASdonPkoStUR3eogZqIoif0gl7Rm/PsvDsfzue8teDkM8doAc7XLxa2mKE=</latexit>...
<latexit sha1_base64="3r0eFilxlrrjOE4cZX4S+l+5v2U=">AAACBHicbVA9TwJBEN3DL8Qv1NJmIzGxIneGqCXRxhITARO4kL29OVjZ273s7pGQC621rf4GO2Pr//An+C9c4AoBXzLJy3szmZkXJJxp47rfTmFtfWNzq7hd2tnd2z8oHx61tEwVhSaVXKrHgGjgTEDTMMPhMVFA4oBDOxjeTv32CJRmUjyYcQJ+TPqCRYwSY6VWdxRKo3vlilt1Z8CrxMtJBeVo9Mo/3VDSNAZhKCdadzw3MX5GlGGUw6TUTTUkhA5JHzqWChKD9rPZtRN8ZpUQR1LZEgbP1L8TGYm1HseB7YyJGehlbyr+53VSE137GRNJakDQ+aIo5dhIPH0dh0wBNXxsCaGK2VsxHRBFqLEBLWzRlHBQwCelks3GW05ilbQuqt5ltXZfq9Rv8pSK6ASdonPkoStUR3eogZqIoif0gl7Rm/PsvDsfzue8teDkM8doAc7XLxa2mKE=</latexit>...



Accelerated KRR
Naive O(n3)

byc =bK

Iterating O(tn2)

by= bK <latexit sha1_base64="qC13duiMKtCvF+fwmr2+ZIuMwjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9bHfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH1Qsjdc=</latexit>ct<latexit sha1_base64="Cr9F3UUWIVS4ATr4/BRNa4iMtrY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvatypV4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3d7jLo=</latexit>� <latexit sha1_base64="G4vzAKUfqBvuBoSMSn1cPbS+Hlo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse1flSr1Sqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3RzjLg=</latexit>

+
<latexit sha1_base64="qC13duiMKtCvF+fwmr2+ZIuMwjU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9bHfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH1Qsjdc=</latexit>ct

<latexit sha1_base64="+TK2/W1PQUs2l0bi7YtQmnl1vvs=">AAACF3icbZDLSsNAFIYn9VbrLerChZtgEQShJFrUZdGNywr2Am0ok+lJO3RyYeZEKCEP4tqtPoM7cevSR/AtTNIsbOsPAz//OYdz5nNCwRWa5rdWWlldW98ob1a2tnd29/T9g7YKIsmgxQIRyK5DFQjuQws5CuiGEqjnCOg4k7us3nkCqXjgP+I0BNujI5+7nFFMo4F+xAZxXzEqAIMYz60kvgwxSSoDvWrWzFzGsrEKUyWFmgP9pz8MWOSBj0xQpXqWGaIdU4mcCUgq/UhBSNmEjqCXWp96oOw4/0BinKbJ0HADmT4fjTz9OxFTT6mp56SdHsWxWqxl4X+1XoTujR1zP4wQfDZb5EbCwMDIaBhDLoGhmKaGMsnTWw02ppIyTJnNbckZSRBJJWNjLZJYNu2LmnVVqz/Uq43bglKZHJMTckYsck0a5J40SYswkpAX8kretGftXfvQPmetJa2YOSRz0r5+AZRnn9I=</latexit>ct+1

Sketching O(M2n)

by

c

=bKnM

Splitting O((n/Q)3)

=

<latexit sha1_base64="Yxm6yPqRS4z+vhx349oMmbhk2cI=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVRIp6rLoRnBTwT6gjWUyuWmHTiZhZqKU0F9w7Va/wZ249R/8BP/CaZuFbT1w4XDOvZzL8RPOlHacb6uwsrq2vlHctLe2d3b3SvsHTRWnkkKDxjyWbZ8o4ExAQzPNoZ1IIJHPoeUPryd+6xGkYrG416MEvIj0BQsZJdpID90nFoBmPAB823N7pbJTcabAy8TNSRnlqPdKP90gpmkEQlNOlOq4TqK9jEjNKIex3U0VJIQOSR86hgoSgfKy6ddjfGKUAIexNCM0nqp/LzISKTWKfLMZET1Qi95E/M/rpDq89DImklSDoLOgMOVYx3hSAQ6YBKr5yBBCJTO/YjogklBtippLUZRwkMDHtm26cRebWCbNs4p7XqneVcu1q7ylIjpCx+gUuegC1dANqqMGokiiF/SK3qxn6936sD5nqwUrvzlEc7C+fgFqfZt3</latexit> eK1
<latexit sha1_base64="vEa/vj/i60SfMGnas7wqZcB0bYw=">AAACDHicbVDLSsNAFJ3UV42vqks3g0VwVZJS1GXRjeCmgm2FNpbJ5KYdOpmEmYlSQn/BtVv9Bnfi1n/wE/wLp20WtvXAhcM593Iux084U9pxvq3Cyura+kZx097a3tndK+0ftFScSgpNGvNY3vtEAWcCmpppDveJBBL5HNr+8Gritx9BKhaLOz1KwItIX7CQUaKN9NB9YgFoxgPAN71qr1R2Ks4UeJm4OSmjHI1e6acbxDSNQGjKiVId10m0lxGpGeUwtrupgoTQIelDx1BBIlBeNv16jE+MEuAwlmaExlP170VGIqVGkW82I6IHatGbiP95nVSHF17GRJJqEHQWFKYc6xhPKsABk0A1HxlCqGTmV0wHRBKqTVFzKYoSDhL42LZNN+5iE8ukVa24Z5Xaba1cv8xbKqIjdIxOkYvOUR1dowZqIookekGv6M16tt6tD+tztlqw8ptDNAfr6xdsGJt4</latexit> eK2
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Input vs feature space partitions

X φ // H

Kernel K-Means

Given n points, partition them into k clusters.

bC = min
[c1,...,cj ]

1
n

nX

i=1
min

j=1,...,k

��'(xi) � cj
��2

Feature map '(·) : Rd ! RD

(e.g., '([x , y ]) = [x , y , x2 + y2])

Statistical and Computational Trade-O�s in Kernel K-Means NeurIPS 2018 - 2/7
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X φ // H

‖x1 − x2‖2 = ‖x1‖2 + ‖x2‖2 − 2〈x1, x2〉

‖φ(x1)− φ(x2)‖2H = 2− 2 〈x1,x2〉
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ParK
1. partition the feature space into Q Voronoi cells:

H =
Q⋃

q=1

Vq

Vq = {φ(x) : q = argmin
k
‖φ(x)−

φ(ck)

‖2H}

2. solve (iterated, sketched) KRR locally on each cell:

f̃q ∈ Hq = spanVq

3. predict new samples on the corresponding cells:

f̂(x) = f̃q(x) if φ(x) ∈ Vq
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Generalization

KRR generalization without partitioning ‖f̂ − f∗‖2 . λ+ de�(λ)
n

Theorem (Carratino, Vigogna, Calandriello, Rosasco ’21)
Let θ = minq 6=k ∠(Hq,Hk) and λq = λn/#Vq. Then w.h.p.

‖f̂ − f∗‖2 . (1+ Q2 cos(θ))λ+

(
1+

cos2(θ)

λ

)
de�(λ)

n

When cells are orthogonal (i.e. H =
⊕Q

q=1Hq i.e. θ = π/2) we recover ‖f̂ − f∗‖2 . λ+ de�(λ)
n

When cos(θ) = O(min(1/Q2, λ)) we obtain ‖f̂ − f∗‖2 . O(λ+ de�(λ)
n )
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Feature space Voronoi partitions

Voronoi centroids:

greedy select

cq+1 = argmax
c∈{xi}ni=1\{c1,...,cq}

SCq(c)

where SCq(c) is the Schur complement of [K(ck, ch)]
q
k,h=1 in

[
K(c, c) K(c, ck)

K(c, ck)
> K(ck, ch)

]

ParK complexity: O(Q2n log(n) + maxq tqMqnq)



Feature space Voronoi partitions

Voronoi centroids:

greedy select

cq+1 = argmax
c∈{xi}ni=1\{c1,...,cq}

SCq(c)

where SCq(c) is the Schur complement of [K(ck, ch)]
q
k,h=1 in

[
K(c, c) K(c, ck)

K(c, ck)
> K(ck, ch)

]

ParK complexity: O(Q2n log(n) + maxq tqMqnq)



Experiments

TAXI n ≈ 109 HIGGS n ≈ 107

error
(rmse)

time (min.) error
(1−auc)

time (sec.)

init train total init train total

ParK 312.0±0.2 25±1 39±13 64±13 0.182±0.001 30±2 474±172 504±172
Falkon 311.7±0.1 - - 120±1 0.180±0.001 - - 715±6
d&c-Falk 356.2±0.2 - - 14±1 0.212±0.000 - - 50±1
d&c out of memory out of memory

AIRLINE n ≈ 106 AIRLINE-CLS n ≈ 106

error
(mse)

time (sec.) error
(c-err)

time (sec.)

init train total init train total

ParK 0.760±0.005 6±1 71±9 77±10 31.5±0.2% 9±1 55±6 64±6
Falkon 0.758±0.005 - - 334±2 31.5±0.2% - - 391±5
d&c-Falk 0.834±0.005 - - 27±1 33.2±0.1% - - 20±1
d&c out of memory out of memory



Thank you!


