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   provably accurate + computationally efficient

Given

Supervised learning

Learn a non-linear function                         e.g.

Goal:

(x1, y1), . . . , (xn, yn)
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f : X ! Y
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f(x) = w>�(x)
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<latexit sha1_base64="8WhRau4UR8WkeUvBMM4xjHNOqw8=">AAAB6HicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXRZcOOyBXuBdiiZ9Ewbm8kMSUYoQ5/AjQtF3PpI7nwb08tCW38IfPznhHPOH6ZSGOt536Swsbm1vVPcLe3tHxwelY9PWibJNMcmT2SiOyEzKIXCphVWYifVyOJQYjsc383q7SfURiTqwU5SDGI2VCISnFlnNaJ+ueJVvbnoOvhLqMBS9X75qzdIeBajslwyY7q+l9ogZ9oKLnFa6mUGU8bHbIhdh4rFaIJ8vuiUXjhnQKNEu6csnbu/f+QsNmYSh64zZnZkVmsz879aN7PRbZALlWYWFV8MijJJbUJnV9OB0MitnDhgXAu3K+Ujphm3LpuSC8FfPXkdWldV33HjulKr1xZxFOEMzuESfLiBGtxDHZrAAeEZXuGNPJIX8k4+Fq0FsozwFP6IfP4A4imNOA==</latexit><latexit sha1_base64="8WhRau4UR8WkeUvBMM4xjHNOqw8=">AAAB6HicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXRZcOOyBXuBdiiZ9Ewbm8kMSUYoQ5/AjQtF3PpI7nwb08tCW38IfPznhHPOH6ZSGOt536Swsbm1vVPcLe3tHxwelY9PWibJNMcmT2SiOyEzKIXCphVWYifVyOJQYjsc383q7SfURiTqwU5SDGI2VCISnFlnNaJ+ueJVvbnoOvhLqMBS9X75qzdIeBajslwyY7q+l9ogZ9oKLnFa6mUGU8bHbIhdh4rFaIJ8vuiUXjhnQKNEu6csnbu/f+QsNmYSh64zZnZkVmsz879aN7PRbZALlWYWFV8MijJJbUJnV9OB0MitnDhgXAu3K+Ujphm3LpuSC8FfPXkdWldV33HjulKr1xZxFOEMzuESfLiBGtxDHZrAAeEZXuGNPJIX8k4+Fq0FsozwFP6IfP4A4imNOA==</latexit><latexit sha1_base64="8WhRau4UR8WkeUvBMM4xjHNOqw8=">AAAB6HicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXRZcOOyBXuBdiiZ9Ewbm8kMSUYoQ5/AjQtF3PpI7nwb08tCW38IfPznhHPOH6ZSGOt536Swsbm1vVPcLe3tHxwelY9PWibJNMcmT2SiOyEzKIXCphVWYifVyOJQYjsc383q7SfURiTqwU5SDGI2VCISnFlnNaJ+ueJVvbnoOvhLqMBS9X75qzdIeBajslwyY7q+l9ogZ9oKLnFa6mUGU8bHbIhdh4rFaIJ8vuiUXjhnQKNEu6csnbu/f+QsNmYSh64zZnZkVmsz879aN7PRbZALlWYWFV8MijJJbUJnV9OB0MitnDhgXAu3K+Ujphm3LpuSC8FfPXkdWldV33HjulKr1xZxFOEMzuESfLiBGtxDHZrAAeEZXuGNPJIX8k4+Fq0FsozwFP6IfP4A4imNOA==</latexit><latexit sha1_base64="8WhRau4UR8WkeUvBMM4xjHNOqw8=">AAAB6HicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZEXRZcOOyBXuBdiiZ9Ewbm8kMSUYoQ5/AjQtF3PpI7nwb08tCW38IfPznhHPOH6ZSGOt536Swsbm1vVPcLe3tHxwelY9PWibJNMcmT2SiOyEzKIXCphVWYifVyOJQYjsc383q7SfURiTqwU5SDGI2VCISnFlnNaJ+ueJVvbnoOvhLqMBS9X75qzdIeBajslwyY7q+l9ogZ9oKLnFa6mUGU8bHbIhdh4rFaIJ8vuiUXjhnQKNEu6csnbu/f+QsNmYSh64zZnZkVmsz879aN7PRbZALlWYWFV8MijJJbUJnV9OB0MitnDhgXAu3K+Ujphm3LpuSC8FfPXkdWldV33HjulKr1xZxFOEMzuESfLiBGtxDHZrAAeEZXuGNPJIX8k4+Fq0FsozwFP6IfP4A4imNOA==</latexit>



Learning with 
Stochastic Gradients & Random Features

loss function

random sketching
non-linear function

wt+1 = wt � �rL
�
w>

t �M (xt), yt
�

<latexit sha1_base64="noaSFreR4eB/1aeCiRa06UAKbNI="></latexit><latexit sha1_base64="noaSFreR4eB/1aeCiRa06UAKbNI="></latexit><latexit sha1_base64="noaSFreR4eB/1aeCiRa06UAKbNI="></latexit><latexit sha1_base64="noaSFreR4eB/1aeCiRa06UAKbNI="></latexit>

�M (x) !
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<latexit sha1_base64="liDz6YGdO9n4QVwBkUO5kaO28vc="></latexit><latexit sha1_base64="liDz6YGdO9n4QVwBkUO5kaO28vc="></latexit><latexit sha1_base64="liDz6YGdO9n4QVwBkUO5kaO28vc="></latexit><latexit sha1_base64="liDz6YGdO9n4QVwBkUO5kaO28vc="></latexit>



SGD-RF with Mini Batching

stepsize
batchsize no  random features

wt+1 = wt � �
1

b

btX

i=b(t�1)+1

rL
�
w>

t �M (xit), yit
�

<latexit sha1_base64="4aHvc8UWfkLY1tb672DKvjqWnG8="></latexit><latexit sha1_base64="4aHvc8UWfkLY1tb672DKvjqWnG8="></latexit><latexit sha1_base64="4aHvc8UWfkLY1tb672DKvjqWnG8="></latexit><latexit sha1_base64="4aHvc8UWfkLY1tb672DKvjqWnG8="></latexit>

no  iterations

t = 1, . . . , T
<latexit sha1_base64="lILuwRgTbA1hv/8vLz4781AVeJQ=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm8EiuCglEUE3QsGNywq9QRrKZDpph04mYeZEKKGP4caFIm59Gne+jdPLQlt/GPj4zznMOX+YSmHQdb+dwsbm1vZOcbe0t39weFQ+PmmbJNOMt1giE90NqeFSKN5CgZJ3U81pHEreCcf3s3rniWsjEtXEScqDmA6ViASjaC0f77xqb5CgqTb75Ypbc+ci6+AtoQJLNfrlLzvJspgrZJIa43tuikFONQom+bTUywxPKRvTIfctKhpzE+TzlafkwjoDEiXaPoVk7v6eyGlszCQObWdMcWRWazPzv5qfYXQb5EKlGXLFFh9FmSSYkNn9ZCA0ZygnFijTwu5K2IhqytCmVLIheKsnr0P7quZZfryu1Bv1RRxFOINzuAQPbqAOD9CAFjBI4Ble4c1B58V5dz4WrQVnGeEp/JHz+QNPe5Da</latexit><latexit sha1_base64="lILuwRgTbA1hv/8vLz4781AVeJQ=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm8EiuCglEUE3QsGNywq9QRrKZDpph04mYeZEKKGP4caFIm59Gne+jdPLQlt/GPj4zznMOX+YSmHQdb+dwsbm1vZOcbe0t39weFQ+PmmbJNOMt1giE90NqeFSKN5CgZJ3U81pHEreCcf3s3rniWsjEtXEScqDmA6ViASjaC0f77xqb5CgqTb75Ypbc+ci6+AtoQJLNfrlLzvJspgrZJIa43tuikFONQom+bTUywxPKRvTIfctKhpzE+TzlafkwjoDEiXaPoVk7v6eyGlszCQObWdMcWRWazPzv5qfYXQb5EKlGXLFFh9FmSSYkNn9ZCA0ZygnFijTwu5K2IhqytCmVLIheKsnr0P7quZZfryu1Bv1RRxFOINzuAQPbqAOD9CAFjBI4Ble4c1B58V5dz4WrQVnGeEp/JHz+QNPe5Da</latexit><latexit sha1_base64="lILuwRgTbA1hv/8vLz4781AVeJQ=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm8EiuCglEUE3QsGNywq9QRrKZDpph04mYeZEKKGP4caFIm59Gne+jdPLQlt/GPj4zznMOX+YSmHQdb+dwsbm1vZOcbe0t39weFQ+PmmbJNOMt1giE90NqeFSKN5CgZJ3U81pHEreCcf3s3rniWsjEtXEScqDmA6ViASjaC0f77xqb5CgqTb75Ypbc+ci6+AtoQJLNfrlLzvJspgrZJIa43tuikFONQom+bTUywxPKRvTIfctKhpzE+TzlafkwjoDEiXaPoVk7v6eyGlszCQObWdMcWRWazPzv5qfYXQb5EKlGXLFFh9FmSSYkNn9ZCA0ZygnFijTwu5K2IhqytCmVLIheKsnr0P7quZZfryu1Bv1RRxFOINzuAQPbqAOD9CAFjBI4Ble4c1B58V5dz4WrQVnGeEp/JHz+QNPe5Da</latexit><latexit sha1_base64="lILuwRgTbA1hv/8vLz4781AVeJQ=">AAAB8nicbZDLSsNAFIZP6q3WW9Wlm8EiuCglEUE3QsGNywq9QRrKZDpph04mYeZEKKGP4caFIm59Gne+jdPLQlt/GPj4zznMOX+YSmHQdb+dwsbm1vZOcbe0t39weFQ+PmmbJNOMt1giE90NqeFSKN5CgZJ3U81pHEreCcf3s3rniWsjEtXEScqDmA6ViASjaC0f77xqb5CgqTb75Ypbc+ci6+AtoQJLNfrlLzvJspgrZJIa43tuikFONQom+bTUywxPKRvTIfctKhpzE+TzlafkwjoDEiXaPoVk7v6eyGlszCQObWdMcWRWazPzv5qfYXQb5EKlGXLFFh9FmSSYkNn9ZCA0ZygnFijTwu5K2IhqytCmVLIheKsnr0P7quZZfryu1Bv1RRxFOINzuAQPbqAOD9CAFjBI4Ble4c1B58V5dz4WrQVnGeEp/JHz+QNPe5Da</latexit>

How to choose                   for optimal accuracy?�, b,M, T
<latexit sha1_base64="+5wf56eaevMCauS+v22NgQfxxHk=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgotSZkTQZcGNG6FCX9AO5U6aaUOTmSHJCLX0l7hxoYhbf4o7/43pY6GtBwIf59yQmxOmgmvjed9ObmNza3snv1vY2z84LLpHx02dZIqyBk1EotohaiZ4zBqGG8HaqWIoQ8Fa4eh2lrcemdI8ietmnLJA4iDmEadorNVzi90BSollEpbJfZnUe27Jq3hzkXXwl1CCpWo996vbT2gmWWyoQK07vpeaYILKcCrYtNDNNEuRjnDAOhZjlEwHk/niU3JunT6JEmVPbMjc/X1jglLrsQztpEQz1KvZzPwv62QmugkmPE4zw2K6eCjKBDEJmbVA+lwxasTYAlLF7a6EDlEhNbargi3BX/3yOjQvK77lh6tStVZd1JGHUziDC/DhGqpwBzVoAIUMnuEV3pwn58V5dz4WozlnWeEJ/JHz+QNhg5HV</latexit><latexit sha1_base64="+5wf56eaevMCauS+v22NgQfxxHk=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgotSZkTQZcGNG6FCX9AO5U6aaUOTmSHJCLX0l7hxoYhbf4o7/43pY6GtBwIf59yQmxOmgmvjed9ObmNza3snv1vY2z84LLpHx02dZIqyBk1EotohaiZ4zBqGG8HaqWIoQ8Fa4eh2lrcemdI8ietmnLJA4iDmEadorNVzi90BSollEpbJfZnUe27Jq3hzkXXwl1CCpWo996vbT2gmWWyoQK07vpeaYILKcCrYtNDNNEuRjnDAOhZjlEwHk/niU3JunT6JEmVPbMjc/X1jglLrsQztpEQz1KvZzPwv62QmugkmPE4zw2K6eCjKBDEJmbVA+lwxasTYAlLF7a6EDlEhNbargi3BX/3yOjQvK77lh6tStVZd1JGHUziDC/DhGqpwBzVoAIUMnuEV3pwn58V5dz4WozlnWeEJ/JHz+QNhg5HV</latexit><latexit sha1_base64="+5wf56eaevMCauS+v22NgQfxxHk=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgotSZkTQZcGNG6FCX9AO5U6aaUOTmSHJCLX0l7hxoYhbf4o7/43pY6GtBwIf59yQmxOmgmvjed9ObmNza3snv1vY2z84LLpHx02dZIqyBk1EotohaiZ4zBqGG8HaqWIoQ8Fa4eh2lrcemdI8ietmnLJA4iDmEadorNVzi90BSollEpbJfZnUe27Jq3hzkXXwl1CCpWo996vbT2gmWWyoQK07vpeaYILKcCrYtNDNNEuRjnDAOhZjlEwHk/niU3JunT6JEmVPbMjc/X1jglLrsQztpEQz1KvZzPwv62QmugkmPE4zw2K6eCjKBDEJmbVA+lwxasTYAlLF7a6EDlEhNbargi3BX/3yOjQvK77lh6tStVZd1JGHUziDC/DhGqpwBzVoAIUMnuEV3pwn58V5dz4WozlnWeEJ/JHz+QNhg5HV</latexit><latexit sha1_base64="+5wf56eaevMCauS+v22NgQfxxHk=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgotSZkTQZcGNG6FCX9AO5U6aaUOTmSHJCLX0l7hxoYhbf4o7/43pY6GtBwIf59yQmxOmgmvjed9ObmNza3snv1vY2z84LLpHx02dZIqyBk1EotohaiZ4zBqGG8HaqWIoQ8Fa4eh2lrcemdI8ietmnLJA4iDmEadorNVzi90BSollEpbJfZnUe27Jq3hzkXXwl1CCpWo996vbT2gmWWyoQK07vpeaYILKcCrYtNDNNEuRjnDAOhZjlEwHk/niU3JunT6JEmVPbMjc/X1jglLrsQztpEQz1KvZzPwv62QmugkmPE4zw2K6eCjKBDEJmbVA+lwxasTYAlLF7a6EDlEhNbargi3BX/3yOjQvK77lh6tStVZd1JGHUziDC/DhGqpwBzVoAIUMnuEV3pwn58V5dz4WozlnWeEJ/JHz+QNhg5HV</latexit>

O(MbT )
<latexit sha1_base64="S0npKlmM3Yv0hYGjGov5nzF2a/M=">AAAB+XicbZBLSwMxFIXv1Fetr1GXboJFqJsyI4IuC27ciBX6gnYomTTThmaSIckUytB/4saFIm79J+78N2baLrT1QuDjnBtycsKEM20879spbGxube8Ud0t7+weHR+7xSUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN/lfntClWZSNMw0oUGMh4JFjGBjpb7r9mJsRgTz7HFWeQgbl3237FW9+aB18JdQhuXU++5XbyBJGlNhCMdad30vMUGGlWGE01mpl2qaYDLGQ9q1KHBMdZDNk8/QhVUGKJLKHmHQXP19I8Ox1tM4tJt5Tr3q5eJ/Xjc10W2QMZGkhgqyeChKOTIS5TWgAVOUGD61gIliNisiI6wwMbaski3BX/3yOrSuqr7lp+tyrV5b1FGEMziHCvhwAzW4hzo0gcAEnuEV3pzMeXHenY/FasFZVngKf8b5/AHqGZNq</latexit><latexit sha1_base64="S0npKlmM3Yv0hYGjGov5nzF2a/M=">AAAB+XicbZBLSwMxFIXv1Fetr1GXboJFqJsyI4IuC27ciBX6gnYomTTThmaSIckUytB/4saFIm79J+78N2baLrT1QuDjnBtycsKEM20879spbGxube8Ud0t7+weHR+7xSUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN/lfntClWZSNMw0oUGMh4JFjGBjpb7r9mJsRgTz7HFWeQgbl3237FW9+aB18JdQhuXU++5XbyBJGlNhCMdad30vMUGGlWGE01mpl2qaYDLGQ9q1KHBMdZDNk8/QhVUGKJLKHmHQXP19I8Ox1tM4tJt5Tr3q5eJ/Xjc10W2QMZGkhgqyeChKOTIS5TWgAVOUGD61gIliNisiI6wwMbaski3BX/3yOrSuqr7lp+tyrV5b1FGEMziHCvhwAzW4hzo0gcAEnuEV3pzMeXHenY/FasFZVngKf8b5/AHqGZNq</latexit><latexit sha1_base64="S0npKlmM3Yv0hYGjGov5nzF2a/M=">AAAB+XicbZBLSwMxFIXv1Fetr1GXboJFqJsyI4IuC27ciBX6gnYomTTThmaSIckUytB/4saFIm79J+78N2baLrT1QuDjnBtycsKEM20879spbGxube8Ud0t7+weHR+7xSUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN/lfntClWZSNMw0oUGMh4JFjGBjpb7r9mJsRgTz7HFWeQgbl3237FW9+aB18JdQhuXU++5XbyBJGlNhCMdad30vMUGGlWGE01mpl2qaYDLGQ9q1KHBMdZDNk8/QhVUGKJLKHmHQXP19I8Ox1tM4tJt5Tr3q5eJ/Xjc10W2QMZGkhgqyeChKOTIS5TWgAVOUGD61gIliNisiI6wwMbaski3BX/3yOrSuqr7lp+tyrV5b1FGEMziHCvhwAzW4hzo0gcAEnuEV3pzMeXHenY/FasFZVngKf8b5/AHqGZNq</latexit><latexit sha1_base64="S0npKlmM3Yv0hYGjGov5nzF2a/M=">AAAB+XicbZBLSwMxFIXv1Fetr1GXboJFqJsyI4IuC27ciBX6gnYomTTThmaSIckUytB/4saFIm79J+78N2baLrT1QuDjnBtycsKEM20879spbGxube8Ud0t7+weHR+7xSUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN/lfntClWZSNMw0oUGMh4JFjGBjpb7r9mJsRgTz7HFWeQgbl3237FW9+aB18JdQhuXU++5XbyBJGlNhCMdad30vMUGGlWGE01mpl2qaYDLGQ9q1KHBMdZDNk8/QhVUGKJLKHmHQXP19I8Ox1tM4tJt5Tr3q5eJ/Xjc10W2QMZGkhgqyeChKOTIS5TWgAVOUGD61gIliNisiI6wwMbaski3BX/3yOrSuqr7lp+tyrV5b1FGEMziHCvhwAzW4hzo0gcAEnuEV3pzMeXHenY/FasFZVngKf8b5/AHqGZNq</latexit>

O(M)
<latexit sha1_base64="EaVzekJV7tEs68hBtr1VpSv61Io=">AAAB9XicbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEUGXBTduxAr2Ae1YMultG5rJDElGKUP/hxsXirj1v7jz35hpu9DWC4GPc27IyQliwbVx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ShTDOotEpFoB1Si4xLrhRmArVkjDQGAzGF1lfvMRleaRvDfjGP2QDiTvc0aNlR46ITVDRkV6OynfnHaLJbfiTocsgzeHEsyn1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtUdIQtZ9OU0/IiVV6pB8pe6QhU/X3jZSGWo/DwG5mKfWil4n/ee3E9C/9lMs4MSjZ7KF+IoiJSFYB6XGFzIixBcoUt1kJG1JFmbFFFWwJ3uKXl6FxVvEs352XqrXqrI48HMExlMGDC6jCNdSgDgwUPMMrvDlPzovz7nzMVnPOvMJD+DPO5w8JZJJv</latexit><latexit sha1_base64="EaVzekJV7tEs68hBtr1VpSv61Io=">AAAB9XicbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEUGXBTduxAr2Ae1YMultG5rJDElGKUP/hxsXirj1v7jz35hpu9DWC4GPc27IyQliwbVx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ShTDOotEpFoB1Si4xLrhRmArVkjDQGAzGF1lfvMRleaRvDfjGP2QDiTvc0aNlR46ITVDRkV6OynfnHaLJbfiTocsgzeHEsyn1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtUdIQtZ9OU0/IiVV6pB8pe6QhU/X3jZSGWo/DwG5mKfWil4n/ee3E9C/9lMs4MSjZ7KF+IoiJSFYB6XGFzIixBcoUt1kJG1JFmbFFFWwJ3uKXl6FxVvEs352XqrXqrI48HMExlMGDC6jCNdSgDgwUPMMrvDlPzovz7nzMVnPOvMJD+DPO5w8JZJJv</latexit><latexit sha1_base64="EaVzekJV7tEs68hBtr1VpSv61Io=">AAAB9XicbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEUGXBTduxAr2Ae1YMultG5rJDElGKUP/hxsXirj1v7jz35hpu9DWC4GPc27IyQliwbVx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ShTDOotEpFoB1Si4xLrhRmArVkjDQGAzGF1lfvMRleaRvDfjGP2QDiTvc0aNlR46ITVDRkV6OynfnHaLJbfiTocsgzeHEsyn1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtUdIQtZ9OU0/IiVV6pB8pe6QhU/X3jZSGWo/DwG5mKfWil4n/ee3E9C/9lMs4MSjZ7KF+IoiJSFYB6XGFzIixBcoUt1kJG1JFmbFFFWwJ3uKXl6FxVvEs352XqrXqrI48HMExlMGDC6jCNdSgDgwUPMMrvDlPzovz7nzMVnPOvMJD+DPO5w8JZJJv</latexit><latexit sha1_base64="EaVzekJV7tEs68hBtr1VpSv61Io=">AAAB9XicbZBLSwMxFIXv1Fetr6pLN8Ei1E2ZEUGXBTduxAr2Ae1YMultG5rJDElGKUP/hxsXirj1v7jz35hpu9DWC4GPc27IyQliwbVx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ShTDOotEpFoB1Si4xLrhRmArVkjDQGAzGF1lfvMRleaRvDfjGP2QDiTvc0aNlR46ITVDRkV6OynfnHaLJbfiTocsgzeHEsyn1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtUdIQtZ9OU0/IiVV6pB8pe6QhU/X3jZSGWo/DwG5mKfWil4n/ee3E9C/9lMs4MSjZ7KF+IoiJSFYB6XGFzIixBcoUt1kJG1JFmbFFFWwJ3uKXl6FxVvEs352XqrXqrI48HMExlMGDC6jCNdSgDgwUPMMrvDlPzovz7nzMVnPOvMJD+DPO5w8JZJJv</latexit>

Complexity: Time Space



Theorem(Carratino, Rudi, Rosasco 2018)
Let L be the squared loss

“Test error”

Ex,yL(w
>
t �M (x), y)� inf

w
Ex,yL(w

>�1(x), y) . �

b
+

✓
�t

M
+ 1

◆
�t

n
+

1

�t
+

1

M
<latexit sha1_base64="MoPa7am5pegZTUiEcPyoCU9UF8g="></latexit><latexit sha1_base64="ckwTo+VL8BHJ8/gb0qkn+u17XzQ="></latexit><latexit sha1_base64="ckwTo+VL8BHJ8/gb0qkn+u17XzQ="></latexit><latexit sha1_base64="2t3x6j5LD8TGHNM8v20Bz7HfTsQ="></latexit>

Optimize w.r.t                  to get the best rate�, b,M, T
<latexit sha1_base64="+5wf56eaevMCauS+v22NgQfxxHk=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgotSZkTQZcGNG6FCX9AO5U6aaUOTmSHJCLX0l7hxoYhbf4o7/43pY6GtBwIf59yQmxOmgmvjed9ObmNza3snv1vY2z84LLpHx02dZIqyBk1EotohaiZ4zBqGG8HaqWIoQ8Fa4eh2lrcemdI8ietmnLJA4iDmEadorNVzi90BSollEpbJfZnUe27Jq3hzkXXwl1CCpWo996vbT2gmWWyoQK07vpeaYILKcCrYtNDNNEuRjnDAOhZjlEwHk/niU3JunT6JEmVPbMjc/X1jglLrsQztpEQz1KvZzPwv62QmugkmPE4zw2K6eCjKBDEJmbVA+lwxasTYAlLF7a6EDlEhNbargi3BX/3yOjQvK77lh6tStVZd1JGHUziDC/DhGqpwBzVoAIUMnuEV3pwn58V5dz4WozlnWeEJ/JHz+QNhg5HV</latexit><latexit sha1_base64="+5wf56eaevMCauS+v22NgQfxxHk=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgotSZkTQZcGNG6FCX9AO5U6aaUOTmSHJCLX0l7hxoYhbf4o7/43pY6GtBwIf59yQmxOmgmvjed9ObmNza3snv1vY2z84LLpHx02dZIqyBk1EotohaiZ4zBqGG8HaqWIoQ8Fa4eh2lrcemdI8ietmnLJA4iDmEadorNVzi90BSollEpbJfZnUe27Jq3hzkXXwl1CCpWo996vbT2gmWWyoQK07vpeaYILKcCrYtNDNNEuRjnDAOhZjlEwHk/niU3JunT6JEmVPbMjc/X1jglLrsQztpEQz1KvZzPwv62QmugkmPE4zw2K6eCjKBDEJmbVA+lwxasTYAlLF7a6EDlEhNbargi3BX/3yOjQvK77lh6tStVZd1JGHUziDC/DhGqpwBzVoAIUMnuEV3pwn58V5dz4WozlnWeEJ/JHz+QNhg5HV</latexit><latexit sha1_base64="+5wf56eaevMCauS+v22NgQfxxHk=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgotSZkTQZcGNG6FCX9AO5U6aaUOTmSHJCLX0l7hxoYhbf4o7/43pY6GtBwIf59yQmxOmgmvjed9ObmNza3snv1vY2z84LLpHx02dZIqyBk1EotohaiZ4zBqGG8HaqWIoQ8Fa4eh2lrcemdI8ietmnLJA4iDmEadorNVzi90BSollEpbJfZnUe27Jq3hzkXXwl1CCpWo996vbT2gmWWyoQK07vpeaYILKcCrYtNDNNEuRjnDAOhZjlEwHk/niU3JunT6JEmVPbMjc/X1jglLrsQztpEQz1KvZzPwv62QmugkmPE4zw2K6eCjKBDEJmbVA+lwxasTYAlLF7a6EDlEhNbargi3BX/3yOjQvK77lh6tStVZd1JGHUziDC/DhGqpwBzVoAIUMnuEV3pwn58V5dz4WozlnWeEJ/JHz+QNhg5HV</latexit><latexit sha1_base64="+5wf56eaevMCauS+v22NgQfxxHk=">AAAB+HicbZBLSwMxFIXv1Fetj466dBMsgotSZkTQZcGNG6FCX9AO5U6aaUOTmSHJCLX0l7hxoYhbf4o7/43pY6GtBwIf59yQmxOmgmvjed9ObmNza3snv1vY2z84LLpHx02dZIqyBk1EotohaiZ4zBqGG8HaqWIoQ8Fa4eh2lrcemdI8ietmnLJA4iDmEadorNVzi90BSollEpbJfZnUe27Jq3hzkXXwl1CCpWo996vbT2gmWWyoQK07vpeaYILKcCrYtNDNNEuRjnDAOhZjlEwHk/niU3JunT6JEmVPbMjc/X1jglLrsQztpEQz1KvZzPwv62QmugkmPE4zw2K6eCjKBDEJmbVA+lwxasTYAlLF7a6EDlEhNbargi3BX/3yOjQvK77lh6tStVZd1JGHUziDC/DhGqpwBzVoAIUMnuEV3pwn58V5dz4WozlnWeEJ/JHz+QNhg5HV</latexit>

Our main result



Recipe

Ex,yL(w
>
t �M (x), y)� inf

w
Ex,yL(w

>�1(x), y) . 1p
n

<latexit sha1_base64="XvxCBxHSx9GXxpbBvQyJT2n3ToA="></latexit><latexit sha1_base64="XvxCBxHSx9GXxpbBvQyJT2n3ToA="></latexit><latexit sha1_base64="XvxCBxHSx9GXxpbBvQyJT2n3ToA="></latexit><latexit sha1_base64="XvxCBxHSx9GXxpbBvQyJT2n3ToA="></latexit>

“Test error”

Take

� =
1p
n

<latexit sha1_base64="lH31Gloi71wd077PiD9pdq6/mQI=">AAACBHicbZBLSwMxFIUzPmt9jbrsJlgEV2VGBN0IBTcuK9gHdIZyJ820oUlmTDJCGWbhxr/ixoUibv0R7vw3po+Fth4IfJxzQ3JPlHKmjed9Oyura+sbm6Wt8vbO7t6+e3DY0kmmCG2ShCeqE4GmnEnaNMxw2kkVBRFx2o5G15O8/UCVZom8M+OUhgIGksWMgLFWz60EAxAC8BUOYgUk94s80PfK5LIoem7Vq3lT4WXw51BFczV67lfQT0gmqDSEg9Zd30tNmIMyjHBalINM0xTICAa0a1GCoDrMp0sU+MQ6fRwnyh5p8NT9fSMHofVYRHZSgBnqxWxi/pd1MxNfhjmTaWaoJLOH4oxjk+BJI7jPFCWGjy0AUcz+FZMh2DKM7a1sS/AXV16G1lnNt3x7Xq036rM6SqiCjtEp8tEFqqMb1EBNRNAjekav6M15cl6cd+djNrrizCs8Qn/kfP4A7hKYiA==</latexit><latexit sha1_base64="lH31Gloi71wd077PiD9pdq6/mQI=">AAACBHicbZBLSwMxFIUzPmt9jbrsJlgEV2VGBN0IBTcuK9gHdIZyJ820oUlmTDJCGWbhxr/ixoUibv0R7vw3po+Fth4IfJxzQ3JPlHKmjed9Oyura+sbm6Wt8vbO7t6+e3DY0kmmCG2ShCeqE4GmnEnaNMxw2kkVBRFx2o5G15O8/UCVZom8M+OUhgIGksWMgLFWz60EAxAC8BUOYgUk94s80PfK5LIoem7Vq3lT4WXw51BFczV67lfQT0gmqDSEg9Zd30tNmIMyjHBalINM0xTICAa0a1GCoDrMp0sU+MQ6fRwnyh5p8NT9fSMHofVYRHZSgBnqxWxi/pd1MxNfhjmTaWaoJLOH4oxjk+BJI7jPFCWGjy0AUcz+FZMh2DKM7a1sS/AXV16G1lnNt3x7Xq036rM6SqiCjtEp8tEFqqMb1EBNRNAjekav6M15cl6cd+djNrrizCs8Qn/kfP4A7hKYiA==</latexit><latexit sha1_base64="lH31Gloi71wd077PiD9pdq6/mQI=">AAACBHicbZBLSwMxFIUzPmt9jbrsJlgEV2VGBN0IBTcuK9gHdIZyJ820oUlmTDJCGWbhxr/ixoUibv0R7vw3po+Fth4IfJxzQ3JPlHKmjed9Oyura+sbm6Wt8vbO7t6+e3DY0kmmCG2ShCeqE4GmnEnaNMxw2kkVBRFx2o5G15O8/UCVZom8M+OUhgIGksWMgLFWz60EAxAC8BUOYgUk94s80PfK5LIoem7Vq3lT4WXw51BFczV67lfQT0gmqDSEg9Zd30tNmIMyjHBalINM0xTICAa0a1GCoDrMp0sU+MQ6fRwnyh5p8NT9fSMHofVYRHZSgBnqxWxi/pd1MxNfhjmTaWaoJLOH4oxjk+BJI7jPFCWGjy0AUcz+FZMh2DKM7a1sS/AXV16G1lnNt3x7Xq036rM6SqiCjtEp8tEFqqMb1EBNRNAjekav6M15cl6cd+djNrrizCs8Qn/kfP4A7hKYiA==</latexit><latexit sha1_base64="lH31Gloi71wd077PiD9pdq6/mQI=">AAACBHicbZBLSwMxFIUzPmt9jbrsJlgEV2VGBN0IBTcuK9gHdIZyJ820oUlmTDJCGWbhxr/ixoUibv0R7vw3po+Fth4IfJxzQ3JPlHKmjed9Oyura+sbm6Wt8vbO7t6+e3DY0kmmCG2ShCeqE4GmnEnaNMxw2kkVBRFx2o5G15O8/UCVZom8M+OUhgIGksWMgLFWz60EAxAC8BUOYgUk94s80PfK5LIoem7Vq3lT4WXw51BFczV67lfQT0gmqDSEg9Zd30tNmIMyjHBalINM0xTICAa0a1GCoDrMp0sU+MQ6fRwnyh5p8NT9fSMHofVYRHZSgBnqxWxi/pd1MxNfhjmTaWaoJLOH4oxjk+BJI7jPFCWGjy0AUcz+FZMh2DKM7a1sS/AXV16G1lnNt3x7Xq036rM6SqiCjtEp8tEFqqMb1EBNRNAjekav6M15cl6cd+djNrrizCs8Qn/kfP4A7hKYiA==</latexit>

M =
p
n

<latexit sha1_base64="ay5dDemm0Tgt6yNenK1/q150xNw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozIuhGKLhxI1SwD+gMJZNm2tBMZprcEcrQv+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6YSmHQdb+dwtr6xuZWcbu0s7u3f1A+PGqaJNOMN1giE90OqeFSKN5AgZK3U81pHEreCoe307z1xLURiXrEccqDmPaViASjaC3/ntwQ34w05mrSLVfcqjsTWQVvARVYqN4tf/m9hGUxV8gkNabjuSkGOdUomOSTkp8ZnlI2pH3esahozE2Qz3aekDPr9EiUaHsUkpn7+0ZOY2PGcWgnY4oDs5xNzf+yTobRdZALlWbIFZs/FGWSYEKmBZCe0JyhHFugTAu7K2EDqilDW1PJluAtf3kVmhdVz/LDZaVWr83rKMIJnMI5eHAFNbiDOjSAQQrP8ApvTua8OO/Ox3y04CwqPIY/cj5/AIRCkZY=</latexit><latexit sha1_base64="ay5dDemm0Tgt6yNenK1/q150xNw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozIuhGKLhxI1SwD+gMJZNm2tBMZprcEcrQv+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6YSmHQdb+dwtr6xuZWcbu0s7u3f1A+PGqaJNOMN1giE90OqeFSKN5AgZK3U81pHEreCoe307z1xLURiXrEccqDmPaViASjaC3/ntwQ34w05mrSLVfcqjsTWQVvARVYqN4tf/m9hGUxV8gkNabjuSkGOdUomOSTkp8ZnlI2pH3esahozE2Qz3aekDPr9EiUaHsUkpn7+0ZOY2PGcWgnY4oDs5xNzf+yTobRdZALlWbIFZs/FGWSYEKmBZCe0JyhHFugTAu7K2EDqilDW1PJluAtf3kVmhdVz/LDZaVWr83rKMIJnMI5eHAFNbiDOjSAQQrP8ApvTua8OO/Ox3y04CwqPIY/cj5/AIRCkZY=</latexit><latexit sha1_base64="ay5dDemm0Tgt6yNenK1/q150xNw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozIuhGKLhxI1SwD+gMJZNm2tBMZprcEcrQv+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6YSmHQdb+dwtr6xuZWcbu0s7u3f1A+PGqaJNOMN1giE90OqeFSKN5AgZK3U81pHEreCoe307z1xLURiXrEccqDmPaViASjaC3/ntwQ34w05mrSLVfcqjsTWQVvARVYqN4tf/m9hGUxV8gkNabjuSkGOdUomOSTkp8ZnlI2pH3esahozE2Qz3aekDPr9EiUaHsUkpn7+0ZOY2PGcWgnY4oDs5xNzf+yTobRdZALlWbIFZs/FGWSYEKmBZCe0JyhHFugTAu7K2EDqilDW1PJluAtf3kVmhdVz/LDZaVWr83rKMIJnMI5eHAFNbiDOjSAQQrP8ApvTua8OO/Ox3y04CwqPIY/cj5/AIRCkZY=</latexit><latexit sha1_base64="ay5dDemm0Tgt6yNenK1/q150xNw=">AAAB83icbZBLSwMxFIXv1Fetr6pLN8EiuCozIuhGKLhxI1SwD+gMJZNm2tBMZprcEcrQv+HGhSJu/TPu/Demj4W2Hgh8nHNDbk6YSmHQdb+dwtr6xuZWcbu0s7u3f1A+PGqaJNOMN1giE90OqeFSKN5AgZK3U81pHEreCoe307z1xLURiXrEccqDmPaViASjaC3/ntwQ34w05mrSLVfcqjsTWQVvARVYqN4tf/m9hGUxV8gkNabjuSkGOdUomOSTkp8ZnlI2pH3esahozE2Qz3aekDPr9EiUaHsUkpn7+0ZOY2PGcWgnY4oDs5xNzf+yTobRdZALlWbIFZs/FGWSYEKmBZCe0JyhHFugTAu7K2EDqilDW1PJluAtf3kVmhdVz/LDZaVWr83rKMIJnMI5eHAFNbiDOjSAQQrP8ApvTua8OO/Ox3y04CwqPIY/cj5/AIRCkZY=</latexit>

b = 1
<latexit sha1_base64="vLW8WyVWJW9VXqW0i4gPaID2mOw=">AAAB7HicbZBNSwMxEIYn9avWr6pHL8EieCq7IuhFKHjxWMGthXYp2TTbhmazSzIrlKW/wYsHRbz6g7z5b0w/Dtr6QuDhnQkz80aZkhY975uU1tY3NrfK25Wd3b39g+rhUcumueEi4KlKTTtiViipRYASlWhnRrAkUuIxGt1O649PwliZ6gccZyJM2EDLWHKGzgoiekP9XrXm1b2Z6Cr4C6jBQs1e9avbT3meCI1cMWs7vpdhWDCDkisxqXRzKzLGR2wgOg41S4QNi9myE3rmnD6NU+OeRjpzf/8oWGLtOIlcZ8JwaJdrU/O/WifH+DospM5yFJrPB8W5opjS6eW0L43gqMYOGDfS7Ur5kBnG0eVTcSH4yyevQuui7ju+v6w1mo15HGU4gVM4Bx+uoAF30IQAOEh4hld4I5q8kHfyMW8tkUWEx/BH5PMHeg2OCg==</latexit><latexit sha1_base64="vLW8WyVWJW9VXqW0i4gPaID2mOw=">AAAB7HicbZBNSwMxEIYn9avWr6pHL8EieCq7IuhFKHjxWMGthXYp2TTbhmazSzIrlKW/wYsHRbz6g7z5b0w/Dtr6QuDhnQkz80aZkhY975uU1tY3NrfK25Wd3b39g+rhUcumueEi4KlKTTtiViipRYASlWhnRrAkUuIxGt1O649PwliZ6gccZyJM2EDLWHKGzgoiekP9XrXm1b2Z6Cr4C6jBQs1e9avbT3meCI1cMWs7vpdhWDCDkisxqXRzKzLGR2wgOg41S4QNi9myE3rmnD6NU+OeRjpzf/8oWGLtOIlcZ8JwaJdrU/O/WifH+DospM5yFJrPB8W5opjS6eW0L43gqMYOGDfS7Ur5kBnG0eVTcSH4yyevQuui7ju+v6w1mo15HGU4gVM4Bx+uoAF30IQAOEh4hld4I5q8kHfyMW8tkUWEx/BH5PMHeg2OCg==</latexit><latexit sha1_base64="vLW8WyVWJW9VXqW0i4gPaID2mOw=">AAAB7HicbZBNSwMxEIYn9avWr6pHL8EieCq7IuhFKHjxWMGthXYp2TTbhmazSzIrlKW/wYsHRbz6g7z5b0w/Dtr6QuDhnQkz80aZkhY975uU1tY3NrfK25Wd3b39g+rhUcumueEi4KlKTTtiViipRYASlWhnRrAkUuIxGt1O649PwliZ6gccZyJM2EDLWHKGzgoiekP9XrXm1b2Z6Cr4C6jBQs1e9avbT3meCI1cMWs7vpdhWDCDkisxqXRzKzLGR2wgOg41S4QNi9myE3rmnD6NU+OeRjpzf/8oWGLtOIlcZ8JwaJdrU/O/WifH+DospM5yFJrPB8W5opjS6eW0L43gqMYOGDfS7Ur5kBnG0eVTcSH4yyevQuui7ju+v6w1mo15HGU4gVM4Bx+uoAF30IQAOEh4hld4I5q8kHfyMW8tkUWEx/BH5PMHeg2OCg==</latexit><latexit sha1_base64="vLW8WyVWJW9VXqW0i4gPaID2mOw=">AAAB7HicbZBNSwMxEIYn9avWr6pHL8EieCq7IuhFKHjxWMGthXYp2TTbhmazSzIrlKW/wYsHRbz6g7z5b0w/Dtr6QuDhnQkz80aZkhY975uU1tY3NrfK25Wd3b39g+rhUcumueEi4KlKTTtiViipRYASlWhnRrAkUuIxGt1O649PwliZ6gccZyJM2EDLWHKGzgoiekP9XrXm1b2Z6Cr4C6jBQs1e9avbT3meCI1cMWs7vpdhWDCDkisxqXRzKzLGR2wgOg41S4QNi9myE3rmnD6NU+OeRjpzf/8oWGLtOIlcZ8JwaJdrU/O/WifH+DospM5yFJrPB8W5opjS6eW0L43gqMYOGDfS7Ur5kBnG0eVTcSH4yyevQuui7ju+v6w1mo15HGU4gVM4Bx+uoAF30IQAOEh4hld4I5q8kHfyMW8tkUWEx/BH5PMHeg2OCg==</latexit>

� = 1
<latexit sha1_base64="PJVZep1vm2MlpxtzNb7U5+ikAso=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGKLhxWcFesB3KmTTThiaZIckIZehbuHGhiFvfxp1vY3pZaOsPgY//nHDO+aNUcGN9/9srrK1vbG4Vt0s7u3v7B+XDo6ZJMk1ZgyYi0e0IDRNcsYblVrB2qhnKSLBWNLqd1ltPTBueqAc7TlkocaB4zClaZz12ByglkhsS9MoVv+rPRFYhWEAFFqr3yl/dfkIzyZSlAo3pBH5qwxy15VSwSambGZYiHeGAdRwqlMyE+WzjCTlzTp/EiXZPWTJzf//IURozlpHrlGiHZrk2Nf+rdTIbX4c5V2lmmaLzQXEmiE3I9HzS55pRK8YOkGrudiV0iBqpdSGVXAjB8smr0LyoBo7vLyu1em0eRxFO4BTOIYArqMEd1KEBFBQ8wyu8ecZ78d69j3lrwVtEeAx/5H3+AEQzkDk=</latexit><latexit sha1_base64="PJVZep1vm2MlpxtzNb7U5+ikAso=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGKLhxWcFesB3KmTTThiaZIckIZehbuHGhiFvfxp1vY3pZaOsPgY//nHDO+aNUcGN9/9srrK1vbG4Vt0s7u3v7B+XDo6ZJMk1ZgyYi0e0IDRNcsYblVrB2qhnKSLBWNLqd1ltPTBueqAc7TlkocaB4zClaZz12ByglkhsS9MoVv+rPRFYhWEAFFqr3yl/dfkIzyZSlAo3pBH5qwxy15VSwSambGZYiHeGAdRwqlMyE+WzjCTlzTp/EiXZPWTJzf//IURozlpHrlGiHZrk2Nf+rdTIbX4c5V2lmmaLzQXEmiE3I9HzS55pRK8YOkGrudiV0iBqpdSGVXAjB8smr0LyoBo7vLyu1em0eRxFO4BTOIYArqMEd1KEBFBQ8wyu8ecZ78d69j3lrwVtEeAx/5H3+AEQzkDk=</latexit><latexit sha1_base64="PJVZep1vm2MlpxtzNb7U5+ikAso=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGKLhxWcFesB3KmTTThiaZIckIZehbuHGhiFvfxp1vY3pZaOsPgY//nHDO+aNUcGN9/9srrK1vbG4Vt0s7u3v7B+XDo6ZJMk1ZgyYi0e0IDRNcsYblVrB2qhnKSLBWNLqd1ltPTBueqAc7TlkocaB4zClaZz12ByglkhsS9MoVv+rPRFYhWEAFFqr3yl/dfkIzyZSlAo3pBH5qwxy15VSwSambGZYiHeGAdRwqlMyE+WzjCTlzTp/EiXZPWTJzf//IURozlpHrlGiHZrk2Nf+rdTIbX4c5V2lmmaLzQXEmiE3I9HzS55pRK8YOkGrudiV0iBqpdSGVXAjB8smr0LyoBo7vLyu1em0eRxFO4BTOIYArqMEd1KEBFBQ8wyu8ecZ78d69j3lrwVtEeAx/5H3+AEQzkDk=</latexit><latexit sha1_base64="PJVZep1vm2MlpxtzNb7U5+ikAso=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGKLhxWcFesB3KmTTThiaZIckIZehbuHGhiFvfxp1vY3pZaOsPgY//nHDO+aNUcGN9/9srrK1vbG4Vt0s7u3v7B+XDo6ZJMk1ZgyYi0e0IDRNcsYblVrB2qhnKSLBWNLqd1ltPTBueqAc7TlkocaB4zClaZz12ByglkhsS9MoVv+rPRFYhWEAFFqr3yl/dfkIzyZSlAo3pBH5qwxy15VSwSambGZYiHeGAdRwqlMyE+WzjCTlzTp/EiXZPWTJzf//IURozlpHrlGiHZrk2Nf+rdTIbX4c5V2lmmaLzQXEmiE3I9HzS55pRK8YOkGrudiV0iBqpdSGVXAjB8smr0LyoBo7vLyu1em0eRxFO4BTOIYArqMEd1KEBFBQ8wyu8ecZ78d69j3lrwVtEeAx/5H3+AEQzkDk=</latexit>

b =
p
n

<latexit sha1_base64="bIG/7gs5RLiI7dOvih4u1BPQ9E8=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGKLhxWcFeoB1KJs20oZlkTM4IZehjuHGhiFufxp1vY3pZaOsPgY//nHDO+aNUCou+/+0V1tY3NreK26Wd3b39g/LhUdPqzDDeYFpq046o5VIo3kCBkrdTw2kSSd6KRrfTeuuJGyu0esBxysOEDpSIBaPorE5EbkjXPhokqleu+FV/JrIKwQIqsFC9V/7q9jXLEq6QSWptJ/BTDHNqUDDJJ6VuZnlK2YgOeMehogm3YT5beULOnNMnsTbuKSQz9/ePnCbWjpPIdSYUh3a5NjX/q3UyjK/DXKg0Q67YfFCcSYKaTO8nfWE4Qzl2QJkRblfChtRQhi6lkgshWD55FZoX1cDx/WWlVq/N4yjCCZzCOQRwBTW4gzo0gIGGZ3iFNw+9F+/d+5i3FrxFhMfwR97nDzRNkMk=</latexit><latexit sha1_base64="bIG/7gs5RLiI7dOvih4u1BPQ9E8=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGKLhxWcFeoB1KJs20oZlkTM4IZehjuHGhiFufxp1vY3pZaOsPgY//nHDO+aNUCou+/+0V1tY3NreK26Wd3b39g/LhUdPqzDDeYFpq046o5VIo3kCBkrdTw2kSSd6KRrfTeuuJGyu0esBxysOEDpSIBaPorE5EbkjXPhokqleu+FV/JrIKwQIqsFC9V/7q9jXLEq6QSWptJ/BTDHNqUDDJJ6VuZnlK2YgOeMehogm3YT5beULOnNMnsTbuKSQz9/ePnCbWjpPIdSYUh3a5NjX/q3UyjK/DXKg0Q67YfFCcSYKaTO8nfWE4Qzl2QJkRblfChtRQhi6lkgshWD55FZoX1cDx/WWlVq/N4yjCCZzCOQRwBTW4gzo0gIGGZ3iFNw+9F+/d+5i3FrxFhMfwR97nDzRNkMk=</latexit><latexit sha1_base64="bIG/7gs5RLiI7dOvih4u1BPQ9E8=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGKLhxWcFeoB1KJs20oZlkTM4IZehjuHGhiFufxp1vY3pZaOsPgY//nHDO+aNUCou+/+0V1tY3NreK26Wd3b39g/LhUdPqzDDeYFpq046o5VIo3kCBkrdTw2kSSd6KRrfTeuuJGyu0esBxysOEDpSIBaPorE5EbkjXPhokqleu+FV/JrIKwQIqsFC9V/7q9jXLEq6QSWptJ/BTDHNqUDDJJ6VuZnlK2YgOeMehogm3YT5beULOnNMnsTbuKSQz9/ePnCbWjpPIdSYUh3a5NjX/q3UyjK/DXKg0Q67YfFCcSYKaTO8nfWE4Qzl2QJkRblfChtRQhi6lkgshWD55FZoX1cDx/WWlVq/N4yjCCZzCOQRwBTW4gzo0gIGGZ3iFNw+9F+/d+5i3FrxFhMfwR97nDzRNkMk=</latexit><latexit sha1_base64="bIG/7gs5RLiI7dOvih4u1BPQ9E8=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EiuCozIuhGKLhxWcFeoB1KJs20oZlkTM4IZehjuHGhiFufxp1vY3pZaOsPgY//nHDO+aNUCou+/+0V1tY3NreK26Wd3b39g/LhUdPqzDDeYFpq046o5VIo3kCBkrdTw2kSSd6KRrfTeuuJGyu0esBxysOEDpSIBaPorE5EbkjXPhokqleu+FV/JrIKwQIqsFC9V/7q9jXLEq6QSWptJ/BTDHNqUDDJJ6VuZnlK2YgOeMehogm3YT5beULOnNMnsTbuKSQz9/ePnCbWjpPIdSYUh3a5NjX/q3UyjK/DXKg0Q67YfFCcSYKaTO8nfWE4Qzl2QJkRblfChtRQhi6lkgshWD55FZoX1cDx/WWlVq/N4yjCCZzCOQRwBTW4gzo0gIGGZ3iFNw+9F+/d+5i3FrxFhMfwR97nDzRNkMk=</latexit>

Complexity: Time SpaceO(n
p
n)

<latexit sha1_base64="GkXM7jiO0G9BK3Chle1O+5rf3Xk=">AAAB/3icbZDNS8MwGMZTP+f8qgpevASHMC+jFUGPAy/enOA+YC0jzdItLE1r8lYYtQf/FS8eFPHqv+HN/8Z020E3Xwj8eJ435MkTJIJrcJxva2l5ZXVtvbRR3tza3tm19/ZbOk4VZU0ai1h1AqKZ4JI1gYNgnUQxEgWCtYPRVeG3H5jSPJZ3ME6YH5GB5CGnBIzUsw+9iMCQEpHd5FXp6XsFmcxPe3bFqTmTwYvgzqCCZtPo2V9eP6ZpxCRQQbTuuk4CfkYUcCpYXvZSzRJCR2TAugYliZj2s0n+HJ8YpY/DWJkjAU/U3zcyEmk9jgKzWaTV814h/ud1Uwgv/YzLJAUm6fShMBUYYlyUgftcMQpibIBQxU1WTIdEEQqmsrIpwZ3/8iK0zmqu4dvzSr1Rn9ZRQkfoGFWRiy5QHV2jBmoiih7RM3pFb9aT9WK9Wx/T1SVrVuEB+jPW5w9075ad</latexit><latexit sha1_base64="GkXM7jiO0G9BK3Chle1O+5rf3Xk=">AAAB/3icbZDNS8MwGMZTP+f8qgpevASHMC+jFUGPAy/enOA+YC0jzdItLE1r8lYYtQf/FS8eFPHqv+HN/8Z020E3Xwj8eJ435MkTJIJrcJxva2l5ZXVtvbRR3tza3tm19/ZbOk4VZU0ai1h1AqKZ4JI1gYNgnUQxEgWCtYPRVeG3H5jSPJZ3ME6YH5GB5CGnBIzUsw+9iMCQEpHd5FXp6XsFmcxPe3bFqTmTwYvgzqCCZtPo2V9eP6ZpxCRQQbTuuk4CfkYUcCpYXvZSzRJCR2TAugYliZj2s0n+HJ8YpY/DWJkjAU/U3zcyEmk9jgKzWaTV814h/ud1Uwgv/YzLJAUm6fShMBUYYlyUgftcMQpibIBQxU1WTIdEEQqmsrIpwZ3/8iK0zmqu4dvzSr1Rn9ZRQkfoGFWRiy5QHV2jBmoiih7RM3pFb9aT9WK9Wx/T1SVrVuEB+jPW5w9075ad</latexit><latexit sha1_base64="GkXM7jiO0G9BK3Chle1O+5rf3Xk=">AAAB/3icbZDNS8MwGMZTP+f8qgpevASHMC+jFUGPAy/enOA+YC0jzdItLE1r8lYYtQf/FS8eFPHqv+HN/8Z020E3Xwj8eJ435MkTJIJrcJxva2l5ZXVtvbRR3tza3tm19/ZbOk4VZU0ai1h1AqKZ4JI1gYNgnUQxEgWCtYPRVeG3H5jSPJZ3ME6YH5GB5CGnBIzUsw+9iMCQEpHd5FXp6XsFmcxPe3bFqTmTwYvgzqCCZtPo2V9eP6ZpxCRQQbTuuk4CfkYUcCpYXvZSzRJCR2TAugYliZj2s0n+HJ8YpY/DWJkjAU/U3zcyEmk9jgKzWaTV814h/ud1Uwgv/YzLJAUm6fShMBUYYlyUgftcMQpibIBQxU1WTIdEEQqmsrIpwZ3/8iK0zmqu4dvzSr1Rn9ZRQkfoGFWRiy5QHV2jBmoiih7RM3pFb9aT9WK9Wx/T1SVrVuEB+jPW5w9075ad</latexit><latexit sha1_base64="GkXM7jiO0G9BK3Chle1O+5rf3Xk=">AAAB/3icbZDNS8MwGMZTP+f8qgpevASHMC+jFUGPAy/enOA+YC0jzdItLE1r8lYYtQf/FS8eFPHqv+HN/8Z020E3Xwj8eJ435MkTJIJrcJxva2l5ZXVtvbRR3tza3tm19/ZbOk4VZU0ai1h1AqKZ4JI1gYNgnUQxEgWCtYPRVeG3H5jSPJZ3ME6YH5GB5CGnBIzUsw+9iMCQEpHd5FXp6XsFmcxPe3bFqTmTwYvgzqCCZtPo2V9eP6ZpxCRQQbTuuk4CfkYUcCpYXvZSzRJCR2TAugYliZj2s0n+HJ8YpY/DWJkjAU/U3zcyEmk9jgKzWaTV814h/ud1Uwgv/YzLJAUm6fShMBUYYlyUgftcMQpibIBQxU1WTIdEEQqmsrIpwZ3/8iK0zmqu4dvzSr1Rn9ZRQkfoGFWRiy5QHV2jBmoiih7RM3pFb9aT9WK9Wx/T1SVrVuEB+jPW5w9075ad</latexit>

O(
p
n)

<latexit sha1_base64="qzTEOvieEkv+/1HBoMGpNRHWjdY=">AAAB/nicbZDNS8MwGMbT+TXnV1U8eQkOYV5GK4IeB168OcF9wFpGmqVbWJrW5K0wSsF/xYsHRbz6d3jzvzHddtDNFwI/nucNefIEieAaHOfbKq2srq1vlDcrW9s7u3v2/kFbx6mirEVjEatuQDQTXLIWcBCsmyhGokCwTjC+LvzOI1Oax/IeJgnzIzKUPOSUgJH69pEXERhRIrLbvObpBwWZzM/6dtWpO9PBy+DOoYrm0+zbX94gpmnEJFBBtO65TgJ+RhRwKlhe8VLNEkLHZMh6BiWJmPazafwcnxplgMNYmSMBT9XfNzISaT2JArNZhNWLXiH+5/VSCK/8jMskBSbp7KEwFRhiXHSBB1wxCmJigFDFTVZMR0QRCqaxiinBXfzyMrTP667hu4tqo9mY1VFGx+gE1ZCLLlED3aAmaiGKMvSMXtGb9WS9WO/Wx2y1ZM0rPER/xvr8AaB6liU=</latexit><latexit sha1_base64="qzTEOvieEkv+/1HBoMGpNRHWjdY=">AAAB/nicbZDNS8MwGMbT+TXnV1U8eQkOYV5GK4IeB168OcF9wFpGmqVbWJrW5K0wSsF/xYsHRbz6d3jzvzHddtDNFwI/nucNefIEieAaHOfbKq2srq1vlDcrW9s7u3v2/kFbx6mirEVjEatuQDQTXLIWcBCsmyhGokCwTjC+LvzOI1Oax/IeJgnzIzKUPOSUgJH69pEXERhRIrLbvObpBwWZzM/6dtWpO9PBy+DOoYrm0+zbX94gpmnEJFBBtO65TgJ+RhRwKlhe8VLNEkLHZMh6BiWJmPazafwcnxplgMNYmSMBT9XfNzISaT2JArNZhNWLXiH+5/VSCK/8jMskBSbp7KEwFRhiXHSBB1wxCmJigFDFTVZMR0QRCqaxiinBXfzyMrTP667hu4tqo9mY1VFGx+gE1ZCLLlED3aAmaiGKMvSMXtGb9WS9WO/Wx2y1ZM0rPER/xvr8AaB6liU=</latexit><latexit sha1_base64="qzTEOvieEkv+/1HBoMGpNRHWjdY=">AAAB/nicbZDNS8MwGMbT+TXnV1U8eQkOYV5GK4IeB168OcF9wFpGmqVbWJrW5K0wSsF/xYsHRbz6d3jzvzHddtDNFwI/nucNefIEieAaHOfbKq2srq1vlDcrW9s7u3v2/kFbx6mirEVjEatuQDQTXLIWcBCsmyhGokCwTjC+LvzOI1Oax/IeJgnzIzKUPOSUgJH69pEXERhRIrLbvObpBwWZzM/6dtWpO9PBy+DOoYrm0+zbX94gpmnEJFBBtO65TgJ+RhRwKlhe8VLNEkLHZMh6BiWJmPazafwcnxplgMNYmSMBT9XfNzISaT2JArNZhNWLXiH+5/VSCK/8jMskBSbp7KEwFRhiXHSBB1wxCmJigFDFTVZMR0QRCqaxiinBXfzyMrTP667hu4tqo9mY1VFGx+gE1ZCLLlED3aAmaiGKMvSMXtGb9WS9WO/Wx2y1ZM0rPER/xvr8AaB6liU=</latexit><latexit sha1_base64="qzTEOvieEkv+/1HBoMGpNRHWjdY=">AAAB/nicbZDNS8MwGMbT+TXnV1U8eQkOYV5GK4IeB168OcF9wFpGmqVbWJrW5K0wSsF/xYsHRbz6d3jzvzHddtDNFwI/nucNefIEieAaHOfbKq2srq1vlDcrW9s7u3v2/kFbx6mirEVjEatuQDQTXLIWcBCsmyhGokCwTjC+LvzOI1Oax/IeJgnzIzKUPOSUgJH69pEXERhRIrLbvObpBwWZzM/6dtWpO9PBy+DOoYrm0+zbX94gpmnEJFBBtO65TgJ+RhRwKlhe8VLNEkLHZMh6BiWJmPazafwcnxplgMNYmSMBT9XfNzISaT2JArNZhNWLXiH+5/VSCK/8jMskBSbp7KEwFRhiXHSBB1wxCmJigFDFTVZMR0QRCqaxiinBXfzyMrTP667hu4tqo9mY1VFGx+gE1ZCLLlED3aAmaiGKMvSMXtGb9WS9WO/Wx2y1ZM0rPER/xvr8AaB6liU=</latexit>

SGD single pass mini-batch single pass

⟹ ⟹



Practice validates theory
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<latexit sha1_base64="coC6JtiGQwh+l+uk2+SPi+Fs4ek=">AAAB73icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy4MZlBXuBdiiZNNOGJplpckYoQ1/CjQtF3Po67nwb08tCW38IfPznhHPOH6VSWPT9b6+wsbm1vVPcLe3tHxwelY9PmjbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6G5Wbz1xY0WiH3GS8lDRgRaxYBSd1e7ascFcT3vlil/15yLrECyhAkvVe+Wvbj9hmeIamaTWdgI/xTCnBgWTfFrqZpanlI3ogHccaqq4DfP5vlNy4Zw+iRPjnkYyd3//yKmydqIi16koDu1qbWb+V+tkGN+GudBphlyzxaA4kwQTMjue9IXhDOXEAWVGuF0JG1JDGbqISi6EYPXkdWheVQPHD9eVWr22iKMIZ3AOlxDADdTgHurQAAYSnuEV3ryx9+K9ex+L1oK3jPAU/sj7/AG2dJCk</latexit><latexit sha1_base64="coC6JtiGQwh+l+uk2+SPi+Fs4ek=">AAAB73icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy4MZlBXuBdiiZNNOGJplpckYoQ1/CjQtF3Po67nwb08tCW38IfPznhHPOH6VSWPT9b6+wsbm1vVPcLe3tHxwelY9PmjbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6G5Wbz1xY0WiH3GS8lDRgRaxYBSd1e7ascFcT3vlil/15yLrECyhAkvVe+Wvbj9hmeIamaTWdgI/xTCnBgWTfFrqZpanlI3ogHccaqq4DfP5vlNy4Zw+iRPjnkYyd3//yKmydqIi16koDu1qbWb+V+tkGN+GudBphlyzxaA4kwQTMjue9IXhDOXEAWVGuF0JG1JDGbqISi6EYPXkdWheVQPHD9eVWr22iKMIZ3AOlxDADdTgHurQAAYSnuEV3ryx9+K9ex+L1oK3jPAU/sj7/AG2dJCk</latexit><latexit sha1_base64="coC6JtiGQwh+l+uk2+SPi+Fs4ek=">AAAB73icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy4MZlBXuBdiiZNNOGJplpckYoQ1/CjQtF3Po67nwb08tCW38IfPznhHPOH6VSWPT9b6+wsbm1vVPcLe3tHxwelY9PmjbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6G5Wbz1xY0WiH3GS8lDRgRaxYBSd1e7ascFcT3vlil/15yLrECyhAkvVe+Wvbj9hmeIamaTWdgI/xTCnBgWTfFrqZpanlI3ogHccaqq4DfP5vlNy4Zw+iRPjnkYyd3//yKmydqIi16koDu1qbWb+V+tkGN+GudBphlyzxaA4kwQTMjue9IXhDOXEAWVGuF0JG1JDGbqISi6EYPXkdWheVQPHD9eVWr22iKMIZ3AOlxDADdTgHurQAAYSnuEV3ryx9+K9ex+L1oK3jPAU/sj7/AG2dJCk</latexit><latexit sha1_base64="coC6JtiGQwh+l+uk2+SPi+Fs4ek=">AAAB73icbZDLSgMxFIbP1Futt6pLN8EiuCozIuiy4MZlBXuBdiiZNNOGJplpckYoQ1/CjQtF3Po67nwb08tCW38IfPznhHPOH6VSWPT9b6+wsbm1vVPcLe3tHxwelY9PmjbJDOMNlsjEtCNquRSaN1Cg5O3UcKoiyVvR6G5Wbz1xY0WiH3GS8lDRgRaxYBSd1e7ascFcT3vlil/15yLrECyhAkvVe+Wvbj9hmeIamaTWdgI/xTCnBgWTfFrqZpanlI3ogHccaqq4DfP5vlNy4Zw+iRPjnkYyd3//yKmydqIi16koDu1qbWb+V+tkGN+GudBphlyzxaA4kwQTMjue9IXhDOXEAWVGuF0JG1JDGbqISi6EYPXkdWheVQPHD9eVWr22iKMIZ3AOlxDADdTgHurQAAYSnuEV3ryx9+K9ex+L1oK3jPAU/sj7/AG2dJCk</latexit>
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SUSY dataset n ⇡ 106
<latexit sha1_base64="cBL3wO0srO3Us3ZUkB3nM4G1QIs=">AAAB9XicbZBLSwMxFIXv1Fetr6pLN8EiuCozItVlwY3LCvYB7bRk0kwbmklCklHL0P/hxoUibv0v7vw3po+Fth4IfJxzQ25OpDgz1ve/vdza+sbmVn67sLO7t39QPDxqGJlqQutEcqlbETaUM0HrlllOW0pTnEScNqPRzTRvPlBtmBT3dqxomOCBYDEj2DqrK1AHK6XlEwr8bqVXLPllfya0CsECSrBQrVf86vQlSRMqLOHYmHbgKxtmWFtGOJ0UOqmhCpMRHtC2Q4ETasJstvUEnTmnj2Kp3REWzdzfNzKcGDNOIjeZYDs0y9nU/C9rpza+DjMmVGqpIPOH4pQjK9G0AtRnmhLLxw4w0cztisgQa0ysK6rgSgiWv7wKjYty4PjuslStVed15OEETuEcAriCKtxCDepAQMMzvMKb9+i9eO/ex3w05y0qPIY/8j5/AEBRke0=</latexit><latexit sha1_base64="cBL3wO0srO3Us3ZUkB3nM4G1QIs=">AAAB9XicbZBLSwMxFIXv1Fetr6pLN8EiuCozItVlwY3LCvYB7bRk0kwbmklCklHL0P/hxoUibv0v7vw3po+Fth4IfJxzQ25OpDgz1ve/vdza+sbmVn67sLO7t39QPDxqGJlqQutEcqlbETaUM0HrlllOW0pTnEScNqPRzTRvPlBtmBT3dqxomOCBYDEj2DqrK1AHK6XlEwr8bqVXLPllfya0CsECSrBQrVf86vQlSRMqLOHYmHbgKxtmWFtGOJ0UOqmhCpMRHtC2Q4ETasJstvUEnTmnj2Kp3REWzdzfNzKcGDNOIjeZYDs0y9nU/C9rpza+DjMmVGqpIPOH4pQjK9G0AtRnmhLLxw4w0cztisgQa0ysK6rgSgiWv7wKjYty4PjuslStVed15OEETuEcAriCKtxCDepAQMMzvMKb9+i9eO/ex3w05y0qPIY/8j5/AEBRke0=</latexit><latexit sha1_base64="cBL3wO0srO3Us3ZUkB3nM4G1QIs=">AAAB9XicbZBLSwMxFIXv1Fetr6pLN8EiuCozItVlwY3LCvYB7bRk0kwbmklCklHL0P/hxoUibv0v7vw3po+Fth4IfJxzQ25OpDgz1ve/vdza+sbmVn67sLO7t39QPDxqGJlqQutEcqlbETaUM0HrlllOW0pTnEScNqPRzTRvPlBtmBT3dqxomOCBYDEj2DqrK1AHK6XlEwr8bqVXLPllfya0CsECSrBQrVf86vQlSRMqLOHYmHbgKxtmWFtGOJ0UOqmhCpMRHtC2Q4ETasJstvUEnTmnj2Kp3REWzdzfNzKcGDNOIjeZYDs0y9nU/C9rpza+DjMmVGqpIPOH4pQjK9G0AtRnmhLLxw4w0cztisgQa0ysK6rgSgiWv7wKjYty4PjuslStVed15OEETuEcAriCKtxCDepAQMMzvMKb9+i9eO/ex3w05y0qPIY/8j5/AEBRke0=</latexit><latexit sha1_base64="cBL3wO0srO3Us3ZUkB3nM4G1QIs=">AAAB9XicbZBLSwMxFIXv1Fetr6pLN8EiuCozItVlwY3LCvYB7bRk0kwbmklCklHL0P/hxoUibv0v7vw3po+Fth4IfJxzQ25OpDgz1ve/vdza+sbmVn67sLO7t39QPDxqGJlqQutEcqlbETaUM0HrlllOW0pTnEScNqPRzTRvPlBtmBT3dqxomOCBYDEj2DqrK1AHK6XlEwr8bqVXLPllfya0CsECSrBQrVf86vQlSRMqLOHYmHbgKxtmWFtGOJ0UOqmhCpMRHtC2Q4ETasJstvUEnTmnj2Kp3REWzdzfNzKcGDNOIjeZYDs0y9nU/C9rpza+DjMmVGqpIPOH4pQjK9G0AtRnmhLLxw4w0cztisgQa0ysK6rgSgiWv7wKjYty4PjuslStVed15OEETuEcAriCKtxCDepAQMMzvMKb9+i9eO/ex3w05y0qPIY/8j5/AEBRke0=</latexit>



Contribution

Poster  #127
+ Faster rates

+ Decreasing step-size

SGD-RF leads to optimal accuracy  
with minimum computation


