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space of models

Given                 i.i.d. samples from   , and a linear model with feature map   
minimize the expected risk
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Sketching and stochastic gradient methods are two of the most common techniques to 
derive efficient large scale learning algorithms.  

We study the estimator defined by stochastic gradient with mini-batches and random 
features, showing how different parameters, such as number of features, iterations, 
step-size and mini-batch size control the learning properties of the solutions.
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Note: the problem can not be directly solved 

Idea: use an iterative solver like stochastic gradient descent

In practice: empirical risk minimization bw� = argmin
w2H

1

n

nX

i=1

�
yi � wT�(xi)

�
+ �kwk2
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with  
t = 1, . . . , T
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ERM with RF

Theorem: Under basic assumptions

Which is the best parameter choice to have the fastest rate?
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• Parameter choices 2. and 3. imply lower time complexity

• Constant step-size requires mini-batch size ≥
√
n
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• Mini-batch size           do not allow bigger step-size, and requires more passes >
√
n
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Note:

Idea: map the points into a lower dimensional space with �M : X ! RM
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Faster rates can be achieved under refined assumptions

Experiments
Random Fourier Features that approximate the Gaussian Kernel
Practice validates theory:

• A number of RF bigger that             does not improve accuracy

• Bigger mini-batch size requires bigger step-size.

• One pass over the data is not enough for batch-size bigger than

• With no mini-batch, the step-size                     determines the number of passes1

n
 �  1p

n
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Examples:

• The learned model                                                is a NN with random weights  w>�M (x) =
MX

j=1

w(j)�(x>sj)
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• For many example of RF, when      is big �M (x)>�M (x0) ⇡ �(x)>�(x0) = K(x, x0)
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M
<latexit sha1_base64="3Ezv2QV2I6JZhClNy96WGGqfWc4=">AAAB/HicdVBdSwJBFJ3t0+zL6rGXIQl6kl1XU9+EeuglUMgUdJHZ8a4Ozs4uM7OCiPQDeq2f0FP02n/pF/Q3Gj+CjDpw4XDOvdx7jx9zprRtf1hr6xubW9upnfTu3v7BYebo+F5FiaTQoBGPZMsnCjgT0NBMc2jFEkjoc2j6w6uZ3xyBVCwSd3ocgxeSvmABo0QbqX7bzWTtXL7oXpYdbEjJLZeKhri2WyhUsJOz58iiJWrdzGenF9EkBKEpJ0q1HTvW3oRIzSiHabqTKIgJHZI+tA0VJATlTeaHTvG5UXo4iKQpofFc/TkxIaFS49A3nSHRA/Xbm4l/ee1EB2VvwkScaBB0sShIONYRnn2Ne0wC1XxsCKGSmVsxHRBJqDbZrGwZAB+BnqbTJpnv9/H/pJHPVXJ2vZCtXi8jSqFTdIYukINKqIpuUA01EEWAHtETerYerBfr1XpbtK5Zy5kTtALr/QsrzZV9</latexit><latexit sha1_base64="3Ezv2QV2I6JZhClNy96WGGqfWc4=">AAAB/HicdVBdSwJBFJ3t0+zL6rGXIQl6kl1XU9+EeuglUMgUdJHZ8a4Ozs4uM7OCiPQDeq2f0FP02n/pF/Q3Gj+CjDpw4XDOvdx7jx9zprRtf1hr6xubW9upnfTu3v7BYebo+F5FiaTQoBGPZMsnCjgT0NBMc2jFEkjoc2j6w6uZ3xyBVCwSd3ocgxeSvmABo0QbqX7bzWTtXL7oXpYdbEjJLZeKhri2WyhUsJOz58iiJWrdzGenF9EkBKEpJ0q1HTvW3oRIzSiHabqTKIgJHZI+tA0VJATlTeaHTvG5UXo4iKQpofFc/TkxIaFS49A3nSHRA/Xbm4l/ee1EB2VvwkScaBB0sShIONYRnn2Ne0wC1XxsCKGSmVsxHRBJqDbZrGwZAB+BnqbTJpnv9/H/pJHPVXJ2vZCtXi8jSqFTdIYukINKqIpuUA01EEWAHtETerYerBfr1XpbtK5Zy5kTtALr/QsrzZV9</latexit><latexit sha1_base64="3Ezv2QV2I6JZhClNy96WGGqfWc4=">AAAB/HicdVBdSwJBFJ3t0+zL6rGXIQl6kl1XU9+EeuglUMgUdJHZ8a4Ozs4uM7OCiPQDeq2f0FP02n/pF/Q3Gj+CjDpw4XDOvdx7jx9zprRtf1hr6xubW9upnfTu3v7BYebo+F5FiaTQoBGPZMsnCjgT0NBMc2jFEkjoc2j6w6uZ3xyBVCwSd3ocgxeSvmABo0QbqX7bzWTtXL7oXpYdbEjJLZeKhri2WyhUsJOz58iiJWrdzGenF9EkBKEpJ0q1HTvW3oRIzSiHabqTKIgJHZI+tA0VJATlTeaHTvG5UXo4iKQpofFc/TkxIaFS49A3nSHRA/Xbm4l/ee1EB2VvwkScaBB0sShIONYRnn2Ne0wC1XxsCKGSmVsxHRBJqDbZrGwZAB+BnqbTJpnv9/H/pJHPVXJ2vZCtXi8jSqFTdIYukINKqIpuUA01EEWAHtETerYerBfr1XpbtK5Zy5kTtALr/QsrzZV9</latexit>

Note:

positive definite kernel

�M (x) =
�
�
�
x>s1

�
, . . . ,�

�
x>sM

��
<latexit sha1_base64="gwR29+Bu/vPY47K6RpiuAMSWVkA="></latexit><latexit sha1_base64="gwR29+Bu/vPY47K6RpiuAMSWVkA="></latexit><latexit sha1_base64="gwR29+Bu/vPY47K6RpiuAMSWVkA="></latexit>

Random features[1]
s1, . . . , sM

<latexit sha1_base64="9WoYu7S155ksS0weIxGyomAPstg=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwUULStLbdFXThRqhgtNCGMJlO2qGTSZyZFErod7hxoeLWn3Hn3zh9CCp6YOBwzj3cOydIGJXKsj6M3Mrq2vpGfrOwtb2zu1fcP7iVcSowcXHMYtEJkCSMcuIqqhjpJIKgKGDkLhidz/y7MRGSxvxGTRLiRWjAaUgxUlrypG+Xe/1YybL0r/xiyTIrNeesYUNN6k6jXtPEsZxqtQlt05qjBJZo+8V3ncVpRLjCDEnZta1EeRkSimJGpoVeKkmC8AgNSFdTjiIivWx+9BSeaKUPw1joxxWcq98TGYqknESBnoyQGsrf3kz8y+umKmx4GeVJqgjHi0VhyqCK4awB2KeCYMUmmiAsqL4V4iESCCvdU0GX8PVT+D9xK2bTtK6rpdbFso08OALH4BTYoA5a4BK0gQswuAcP4Ak8G2Pj0XgxXhejOWOZOQQ/YLx9As80kbE=</latexit><latexit sha1_base64="9WoYu7S155ksS0weIxGyomAPstg=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwUULStLbdFXThRqhgtNCGMJlO2qGTSZyZFErod7hxoeLWn3Hn3zh9CCp6YOBwzj3cOydIGJXKsj6M3Mrq2vpGfrOwtb2zu1fcP7iVcSowcXHMYtEJkCSMcuIqqhjpJIKgKGDkLhidz/y7MRGSxvxGTRLiRWjAaUgxUlrypG+Xe/1YybL0r/xiyTIrNeesYUNN6k6jXtPEsZxqtQlt05qjBJZo+8V3ncVpRLjCDEnZta1EeRkSimJGpoVeKkmC8AgNSFdTjiIivWx+9BSeaKUPw1joxxWcq98TGYqknESBnoyQGsrf3kz8y+umKmx4GeVJqgjHi0VhyqCK4awB2KeCYMUmmiAsqL4V4iESCCvdU0GX8PVT+D9xK2bTtK6rpdbFso08OALH4BTYoA5a4BK0gQswuAcP4Ak8G2Pj0XgxXhejOWOZOQQ/YLx9As80kbE=</latexit><latexit sha1_base64="9WoYu7S155ksS0weIxGyomAPstg=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwUULStLbdFXThRqhgtNCGMJlO2qGTSZyZFErod7hxoeLWn3Hn3zh9CCp6YOBwzj3cOydIGJXKsj6M3Mrq2vpGfrOwtb2zu1fcP7iVcSowcXHMYtEJkCSMcuIqqhjpJIKgKGDkLhidz/y7MRGSxvxGTRLiRWjAaUgxUlrypG+Xe/1YybL0r/xiyTIrNeesYUNN6k6jXtPEsZxqtQlt05qjBJZo+8V3ncVpRLjCDEnZta1EeRkSimJGpoVeKkmC8AgNSFdTjiIivWx+9BSeaKUPw1joxxWcq98TGYqknESBnoyQGsrf3kz8y+umKmx4GeVJqgjHi0VhyqCK4awB2KeCYMUmmiAsqL4V4iESCCvdU0GX8PVT+D9xK2bTtK6rpdbFso08OALH4BTYoA5a4BK0gQswuAcP4Ak8G2Pj0XgxXhejOWOZOQQ/YLx9As80kbE=</latexit>

•                 iid random vectors
•                 non linear function� : R ! R

<latexit sha1_base64="/LyYuyPYJpyDx6DLSwYo6Dqq/3o="></latexit><latexit sha1_base64="/LyYuyPYJpyDx6DLSwYo6Dqq/3o="></latexit><latexit sha1_base64="/LyYuyPYJpyDx6DLSwYo6Dqq/3o="></latexit>

random feature  (x,�)
<latexit sha1_base64="c3r9N/rb5bPFqNcRgfes2EmfR+o=">AAACCHicdVBLSgNBEO3xG+Mv6tJNYxAiSJg4iUl2AV24jGBMIBlCT6diGns+dtcEQ8gJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8yIpNNr2h7WwuLS8sppYS65vbG5tp3Z2r3UYKw41HspQNTymQYoAaihQQiNSwHxPQt27PRv79T4oLcLgCgcRuD67CURXcIZGcluRFpn745YHyI7aqbSdPSk4p6UcNaTolIoFQxzbyefLNJe1J0iTGart1GerE/LYhwC5ZFo3c3aE7pApFFzCKNmKNUSM37IbaBoaMB+0O5wcPaKHRunQbqhMBUgn6s+JIfO1Hvie6fQZ9vRvbyz+5TVj7JbcoQiiGCHg00XdWFIM6TgB2hEKOMqBIYwrYW6lvMcU42hymtvSA9kHHCWTJpnv9+n/pHaSLWfty3y6cj6LKEH2yQHJkBwpkgq5IFVSI5zckUfyRJ6tB+vFerXepq0L1mxmj8zBev8C19SaPQ==</latexit><latexit sha1_base64="c3r9N/rb5bPFqNcRgfes2EmfR+o=">AAACCHicdVBLSgNBEO3xG+Mv6tJNYxAiSJg4iUl2AV24jGBMIBlCT6diGns+dtcEQ8gJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8yIpNNr2h7WwuLS8sppYS65vbG5tp3Z2r3UYKw41HspQNTymQYoAaihQQiNSwHxPQt27PRv79T4oLcLgCgcRuD67CURXcIZGcluRFpn745YHyI7aqbSdPSk4p6UcNaTolIoFQxzbyefLNJe1J0iTGart1GerE/LYhwC5ZFo3c3aE7pApFFzCKNmKNUSM37IbaBoaMB+0O5wcPaKHRunQbqhMBUgn6s+JIfO1Hvie6fQZ9vRvbyz+5TVj7JbcoQiiGCHg00XdWFIM6TgB2hEKOMqBIYwrYW6lvMcU42hymtvSA9kHHCWTJpnv9+n/pHaSLWfty3y6cj6LKEH2yQHJkBwpkgq5IFVSI5zckUfyRJ6tB+vFerXepq0L1mxmj8zBev8C19SaPQ==</latexit><latexit sha1_base64="c3r9N/rb5bPFqNcRgfes2EmfR+o=">AAACCHicdVBLSgNBEO3xG+Mv6tJNYxAiSJg4iUl2AV24jGBMIBlCT6diGns+dtcEQ8gJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8yIpNNr2h7WwuLS8sppYS65vbG5tp3Z2r3UYKw41HspQNTymQYoAaihQQiNSwHxPQt27PRv79T4oLcLgCgcRuD67CURXcIZGcluRFpn745YHyI7aqbSdPSk4p6UcNaTolIoFQxzbyefLNJe1J0iTGart1GerE/LYhwC5ZFo3c3aE7pApFFzCKNmKNUSM37IbaBoaMB+0O5wcPaKHRunQbqhMBUgn6s+JIfO1Hvie6fQZ9vRvbyz+5TVj7JbcoQiiGCHg00XdWFIM6TgB2hEKOMqBIYwrYW6lvMcU42hymtvSA9kHHCWTJpnv9+n/pHaSLWfty3y6cj6LKEH2yQHJkBwpkgq5IFVSI5zckUfyRJ6tB+vFerXepq0L1mxmj8zBev8C19SaPQ==</latexit>

random feature  (x,�)
<latexit sha1_base64="c3r9N/rb5bPFqNcRgfes2EmfR+o=">AAACCHicdVBLSgNBEO3xG+Mv6tJNYxAiSJg4iUl2AV24jGBMIBlCT6diGns+dtcEQ8gJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8yIpNNr2h7WwuLS8sppYS65vbG5tp3Z2r3UYKw41HspQNTymQYoAaihQQiNSwHxPQt27PRv79T4oLcLgCgcRuD67CURXcIZGcluRFpn745YHyI7aqbSdPSk4p6UcNaTolIoFQxzbyefLNJe1J0iTGart1GerE/LYhwC5ZFo3c3aE7pApFFzCKNmKNUSM37IbaBoaMB+0O5wcPaKHRunQbqhMBUgn6s+JIfO1Hvie6fQZ9vRvbyz+5TVj7JbcoQiiGCHg00XdWFIM6TgB2hEKOMqBIYwrYW6lvMcU42hymtvSA9kHHCWTJpnv9+n/pHaSLWfty3y6cj6LKEH2yQHJkBwpkgq5IFVSI5zckUfyRJ6tB+vFerXepq0L1mxmj8zBev8C19SaPQ==</latexit><latexit sha1_base64="c3r9N/rb5bPFqNcRgfes2EmfR+o=">AAACCHicdVBLSgNBEO3xG+Mv6tJNYxAiSJg4iUl2AV24jGBMIBlCT6diGns+dtcEQ8gJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8yIpNNr2h7WwuLS8sppYS65vbG5tp3Z2r3UYKw41HspQNTymQYoAaihQQiNSwHxPQt27PRv79T4oLcLgCgcRuD67CURXcIZGcluRFpn745YHyI7aqbSdPSk4p6UcNaTolIoFQxzbyefLNJe1J0iTGart1GerE/LYhwC5ZFo3c3aE7pApFFzCKNmKNUSM37IbaBoaMB+0O5wcPaKHRunQbqhMBUgn6s+JIfO1Hvie6fQZ9vRvbyz+5TVj7JbcoQiiGCHg00XdWFIM6TgB2hEKOMqBIYwrYW6lvMcU42hymtvSA9kHHCWTJpnv9+n/pHaSLWfty3y6cj6LKEH2yQHJkBwpkgq5IFVSI5zckUfyRJ6tB+vFerXepq0L1mxmj8zBev8C19SaPQ==</latexit><latexit sha1_base64="c3r9N/rb5bPFqNcRgfes2EmfR+o=">AAACCHicdVBLSgNBEO3xG+Mv6tJNYxAiSJg4iUl2AV24jGBMIBlCT6diGns+dtcEQ8gJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8yIpNNr2h7WwuLS8sppYS65vbG5tp3Z2r3UYKw41HspQNTymQYoAaihQQiNSwHxPQt27PRv79T4oLcLgCgcRuD67CURXcIZGcluRFpn745YHyI7aqbSdPSk4p6UcNaTolIoFQxzbyefLNJe1J0iTGart1GerE/LYhwC5ZFo3c3aE7pApFFzCKNmKNUSM37IbaBoaMB+0O5wcPaKHRunQbqhMBUgn6s+JIfO1Hvie6fQZ9vRvbyz+5TVj7JbcoQiiGCHg00XdWFIM6TgB2hEKOMqBIYwrYW6lvMcU42hymtvSA9kHHCWTJpnv9+n/pHaSLWfty3y6cj6LKEH2yQHJkBwpkgq5IFVSI5zckUfyRJ6tB+vFerXepq0L1mxmj8zBev8C19SaPQ==</latexit>

More efficient than

s ⇠ N (0,�2)
<latexit sha1_base64="F5zHtRAEGULb/37o55kxbLg65Dg="></latexit><latexit sha1_base64="F5zHtRAEGULb/37o55kxbLg65Dg="></latexit><latexit sha1_base64="F5zHtRAEGULb/37o55kxbLg65Dg="></latexit>

b ⇠ U(0, 2⇡)
<latexit sha1_base64="Uk35rcEhi+3upA+M92rT5acErCw="></latexit><latexit sha1_base64="Uk35rcEhi+3upA+M92rT5acErCw="></latexit><latexit sha1_base64="Uk35rcEhi+3upA+M92rT5acErCw="></latexit>

with �M (x)>�M (x0) ⇡ e�
kx�x0k2

2�2
<latexit sha1_base64="EDRjJ2oWV7FwHEXOFYorVeiul0M="></latexit><latexit sha1_base64="EDRjJ2oWV7FwHEXOFYorVeiul0M="></latexit><latexit sha1_base64="EDRjJ2oWV7FwHEXOFYorVeiul0M="></latexit>

Gaussian kernel
= cos(x>s+ b)

<latexit sha1_base64="QCFs+Aoo3KJVabU7yswr2r1uqyA="></latexit><latexit sha1_base64="QCFs+Aoo3KJVabU7yswr2r1uqyA="></latexit><latexit sha1_base64="QCFs+Aoo3KJVabU7yswr2r1uqyA="></latexit>

 (x,�)
<latexit sha1_base64="c3r9N/rb5bPFqNcRgfes2EmfR+o=">AAACCHicdVBLSgNBEO3xG+Mv6tJNYxAiSJg4iUl2AV24jGBMIBlCT6diGns+dtcEQ8gJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8yIpNNr2h7WwuLS8sppYS65vbG5tp3Z2r3UYKw41HspQNTymQYoAaihQQiNSwHxPQt27PRv79T4oLcLgCgcRuD67CURXcIZGcluRFpn745YHyI7aqbSdPSk4p6UcNaTolIoFQxzbyefLNJe1J0iTGart1GerE/LYhwC5ZFo3c3aE7pApFFzCKNmKNUSM37IbaBoaMB+0O5wcPaKHRunQbqhMBUgn6s+JIfO1Hvie6fQZ9vRvbyz+5TVj7JbcoQiiGCHg00XdWFIM6TgB2hEKOMqBIYwrYW6lvMcU42hymtvSA9kHHCWTJpnv9+n/pHaSLWfty3y6cj6LKEH2yQHJkBwpkgq5IFVSI5zckUfyRJ6tB+vFerXepq0L1mxmj8zBev8C19SaPQ==</latexit><latexit sha1_base64="c3r9N/rb5bPFqNcRgfes2EmfR+o=">AAACCHicdVBLSgNBEO3xG+Mv6tJNYxAiSJg4iUl2AV24jGBMIBlCT6diGns+dtcEQ8gJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8yIpNNr2h7WwuLS8sppYS65vbG5tp3Z2r3UYKw41HspQNTymQYoAaihQQiNSwHxPQt27PRv79T4oLcLgCgcRuD67CURXcIZGcluRFpn745YHyI7aqbSdPSk4p6UcNaTolIoFQxzbyefLNJe1J0iTGart1GerE/LYhwC5ZFo3c3aE7pApFFzCKNmKNUSM37IbaBoaMB+0O5wcPaKHRunQbqhMBUgn6s+JIfO1Hvie6fQZ9vRvbyz+5TVj7JbcoQiiGCHg00XdWFIM6TgB2hEKOMqBIYwrYW6lvMcU42hymtvSA9kHHCWTJpnv9+n/pHaSLWfty3y6cj6LKEH2yQHJkBwpkgq5IFVSI5zckUfyRJ6tB+vFerXepq0L1mxmj8zBev8C19SaPQ==</latexit><latexit sha1_base64="c3r9N/rb5bPFqNcRgfes2EmfR+o=">AAACCHicdVBLSgNBEO3xG+Mv6tJNYxAiSJg4iUl2AV24jGBMIBlCT6diGns+dtcEQ8gJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8yIpNNr2h7WwuLS8sppYS65vbG5tp3Z2r3UYKw41HspQNTymQYoAaihQQiNSwHxPQt27PRv79T4oLcLgCgcRuD67CURXcIZGcluRFpn745YHyI7aqbSdPSk4p6UcNaTolIoFQxzbyefLNJe1J0iTGart1GerE/LYhwC5ZFo3c3aE7pApFFzCKNmKNUSM37IbaBoaMB+0O5wcPaKHRunQbqhMBUgn6s+JIfO1Hvie6fQZ9vRvbyz+5TVj7JbcoQiiGCHg00XdWFIM6TgB2hEKOMqBIYwrYW6lvMcU42hymtvSA9kHHCWTJpnv9+n/pHaSLWfty3y6cj6LKEH2yQHJkBwpkgq5IFVSI5zckUfyRJ6tB+vFerXepq0L1mxmj8zBev8C19SaPQ==</latexit>

•  

 (x,�)
<latexit sha1_base64="c3r9N/rb5bPFqNcRgfes2EmfR+o=">AAACCHicdVBLSgNBEO3xG+Mv6tJNYxAiSJg4iUl2AV24jGBMIBlCT6diGns+dtcEQ8gJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8yIpNNr2h7WwuLS8sppYS65vbG5tp3Z2r3UYKw41HspQNTymQYoAaihQQiNSwHxPQt27PRv79T4oLcLgCgcRuD67CURXcIZGcluRFpn745YHyI7aqbSdPSk4p6UcNaTolIoFQxzbyefLNJe1J0iTGart1GerE/LYhwC5ZFo3c3aE7pApFFzCKNmKNUSM37IbaBoaMB+0O5wcPaKHRunQbqhMBUgn6s+JIfO1Hvie6fQZ9vRvbyz+5TVj7JbcoQiiGCHg00XdWFIM6TgB2hEKOMqBIYwrYW6lvMcU42hymtvSA9kHHCWTJpnv9+n/pHaSLWfty3y6cj6LKEH2yQHJkBwpkgq5IFVSI5zckUfyRJ6tB+vFerXepq0L1mxmj8zBev8C19SaPQ==</latexit><latexit sha1_base64="c3r9N/rb5bPFqNcRgfes2EmfR+o=">AAACCHicdVBLSgNBEO3xG+Mv6tJNYxAiSJg4iUl2AV24jGBMIBlCT6diGns+dtcEQ8gJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8yIpNNr2h7WwuLS8sppYS65vbG5tp3Z2r3UYKw41HspQNTymQYoAaihQQiNSwHxPQt27PRv79T4oLcLgCgcRuD67CURXcIZGcluRFpn745YHyI7aqbSdPSk4p6UcNaTolIoFQxzbyefLNJe1J0iTGart1GerE/LYhwC5ZFo3c3aE7pApFFzCKNmKNUSM37IbaBoaMB+0O5wcPaKHRunQbqhMBUgn6s+JIfO1Hvie6fQZ9vRvbyz+5TVj7JbcoQiiGCHg00XdWFIM6TgB2hEKOMqBIYwrYW6lvMcU42hymtvSA9kHHCWTJpnv9+n/pHaSLWfty3y6cj6LKEH2yQHJkBwpkgq5IFVSI5zckUfyRJ6tB+vFerXepq0L1mxmj8zBev8C19SaPQ==</latexit><latexit sha1_base64="c3r9N/rb5bPFqNcRgfes2EmfR+o=">AAACCHicdVBLSgNBEO3xG+Mv6tJNYxAiSJg4iUl2AV24jGBMIBlCT6diGns+dtcEQ8gJPIBbPYIrcestPIHXsPMRjOiDgsd7VVTV8yIpNNr2h7WwuLS8sppYS65vbG5tp3Z2r3UYKw41HspQNTymQYoAaihQQiNSwHxPQt27PRv79T4oLcLgCgcRuD67CURXcIZGcluRFpn745YHyI7aqbSdPSk4p6UcNaTolIoFQxzbyefLNJe1J0iTGart1GerE/LYhwC5ZFo3c3aE7pApFFzCKNmKNUSM37IbaBoaMB+0O5wcPaKHRunQbqhMBUgn6s+JIfO1Hvie6fQZ9vRvbyz+5TVj7JbcoQiiGCHg00XdWFIM6TgB2hEKOMqBIYwrYW6lvMcU42hymtvSA9kHHCWTJpnv9+n/pHaSLWfty3y6cj6LKEH2yQHJkBwpkgq5IFVSI5zckUfyRJ6tB+vFerXepq0L1mxmj8zBev8C19SaPQ==</latexit>

= x>s
<latexit sha1_base64="RbYQItrYruT2BpymbR/6SC9UApM=">AAACBXicdVDLSgNBEJz1GddX1KOXwSB4CpuXSQ5CQA8eFYyKSZTZSScZMju7zPQGw5K7H+BVP8GTePU7/AJ/w0mMoKIFDUVVN91dfiSFQc97c2Zm5+YXFlNL7vLK6tp6emPz3ISx5lDnoQz1pc8MSKGgjgIlXEYaWOBLuPD7h2P/YgDaiFCd4TCCVsC6SnQEZ2ilqwN6e93EMKLmJp3xsvlSYb+So5aUC5VyyZKCVygWqzSX9SbIkClObtLvzXbI4wAUcsmMaeS8CFsJ0yi4hJHbjA1EjPdZFxqWKhaAaSWTi0d01ypt2gm1LYV0on6fSFhgzDDwbWfAsGd+e2PxL68RY6fSSoSKYgTFPxd1YkkxpOP3aVto4CiHljCuhb2V8h7TjKMN6ceWHsgB4Mh1bTJf79P/ST2frWa902KmdjSNKEW2yQ7ZIzlSJjVyTE5InXCiyD15II/OnfPkPDsvn60zznRmi/yA8/oBj3GY/w==</latexit><latexit sha1_base64="RbYQItrYruT2BpymbR/6SC9UApM=">AAACBXicdVDLSgNBEJz1GddX1KOXwSB4CpuXSQ5CQA8eFYyKSZTZSScZMju7zPQGw5K7H+BVP8GTePU7/AJ/w0mMoKIFDUVVN91dfiSFQc97c2Zm5+YXFlNL7vLK6tp6emPz3ISx5lDnoQz1pc8MSKGgjgIlXEYaWOBLuPD7h2P/YgDaiFCd4TCCVsC6SnQEZ2ilqwN6e93EMKLmJp3xsvlSYb+So5aUC5VyyZKCVygWqzSX9SbIkClObtLvzXbI4wAUcsmMaeS8CFsJ0yi4hJHbjA1EjPdZFxqWKhaAaSWTi0d01ypt2gm1LYV0on6fSFhgzDDwbWfAsGd+e2PxL68RY6fSSoSKYgTFPxd1YkkxpOP3aVto4CiHljCuhb2V8h7TjKMN6ceWHsgB4Mh1bTJf79P/ST2frWa902KmdjSNKEW2yQ7ZIzlSJjVyTE5InXCiyD15II/OnfPkPDsvn60zznRmi/yA8/oBj3GY/w==</latexit><latexit sha1_base64="RbYQItrYruT2BpymbR/6SC9UApM=">AAACBXicdVDLSgNBEJz1GddX1KOXwSB4CpuXSQ5CQA8eFYyKSZTZSScZMju7zPQGw5K7H+BVP8GTePU7/AJ/w0mMoKIFDUVVN91dfiSFQc97c2Zm5+YXFlNL7vLK6tp6emPz3ISx5lDnoQz1pc8MSKGgjgIlXEYaWOBLuPD7h2P/YgDaiFCd4TCCVsC6SnQEZ2ilqwN6e93EMKLmJp3xsvlSYb+So5aUC5VyyZKCVygWqzSX9SbIkClObtLvzXbI4wAUcsmMaeS8CFsJ0yi4hJHbjA1EjPdZFxqWKhaAaSWTi0d01ypt2gm1LYV0on6fSFhgzDDwbWfAsGd+e2PxL68RY6fSSoSKYgTFPxd1YkkxpOP3aVto4CiHljCuhb2V8h7TjKMN6ceWHsgB4Mh1bTJf79P/ST2frWa902KmdjSNKEW2yQ7ZIzlSJjVyTE5InXCiyD15II/OnfPkPDsvn60zznRmi/yA8/oBj3GY/w==</latexit> with s ⇠ N (0, 1)

<latexit sha1_base64="uTkg+nDc4SSKIZVeI4XPkV+bdew="></latexit><latexit sha1_base64="uTkg+nDc4SSKIZVeI4XPkV+bdew="></latexit><latexit sha1_base64="uTkg+nDc4SSKIZVeI4XPkV+bdew="></latexit>

•  
Linear kernel

�M (x)>�M (x0) ⇡ x>x0
<latexit sha1_base64="ycq6sJb3Sgrws5Qeq971wzE+jUg="></latexit><latexit sha1_base64="ycq6sJb3Sgrws5Qeq971wzE+jUg="></latexit><latexit sha1_base64="ycq6sJb3Sgrws5Qeq971wzE+jUg="></latexit>

• Time: O(MbT )
<latexit sha1_base64="aa/DPqrooaciOufRggCub9sVoOs=">AAACAXicdVDJTgJBEO3BDccN9eilIzHBCxkYELiR6MGLERO2BAjpaQpo6VnS3UNCJtz8AK/6CZ6MV7/EL/A3bBYTMfqSSl7eq0pVPSfgTCrL+jBia+sbm1vxbXNnd2//IHF4VJd+KCjUqM990XSIBM48qCmmODQDAcR1ODSc0eXMb4xBSOZ7VTUJoOOSgcf6jBKlpfpt6sapnncTSSudzdsXxQzWpGAXC3lNbMvO5Uo4k7bmSKIlKt3EZ7vn09AFT1FOpGxlrEB1IiIUoxymZjuUEBA6IgNoaeoRF2Qnml87xWda6eG+L3R5Cs/VnxMRcaWcuI7udIkayt/eTPzLa4WqX+xEzAtCBR5dLOqHHCsfz17HPSaAKj7RhFDB9K2YDokgVOmAVrYMgY9BTU1TJ/P9Pv6f1LLpUtq6yyXLV8uI4ugEnaIUyqACKqNrVEE1RNE9ekRP6Nl4MF6MV+Nt0RozljPHaAXG+xcKIJcF</latexit><latexit sha1_base64="aa/DPqrooaciOufRggCub9sVoOs=">AAACAXicdVDJTgJBEO3BDccN9eilIzHBCxkYELiR6MGLERO2BAjpaQpo6VnS3UNCJtz8AK/6CZ6MV7/EL/A3bBYTMfqSSl7eq0pVPSfgTCrL+jBia+sbm1vxbXNnd2//IHF4VJd+KCjUqM990XSIBM48qCmmODQDAcR1ODSc0eXMb4xBSOZ7VTUJoOOSgcf6jBKlpfpt6sapnncTSSudzdsXxQzWpGAXC3lNbMvO5Uo4k7bmSKIlKt3EZ7vn09AFT1FOpGxlrEB1IiIUoxymZjuUEBA6IgNoaeoRF2Qnml87xWda6eG+L3R5Cs/VnxMRcaWcuI7udIkayt/eTPzLa4WqX+xEzAtCBR5dLOqHHCsfz17HPSaAKj7RhFDB9K2YDokgVOmAVrYMgY9BTU1TJ/P9Pv6f1LLpUtq6yyXLV8uI4ugEnaIUyqACKqNrVEE1RNE9ekRP6Nl4MF6MV+Nt0RozljPHaAXG+xcKIJcF</latexit><latexit sha1_base64="aa/DPqrooaciOufRggCub9sVoOs=">AAACAXicdVDJTgJBEO3BDccN9eilIzHBCxkYELiR6MGLERO2BAjpaQpo6VnS3UNCJtz8AK/6CZ6MV7/EL/A3bBYTMfqSSl7eq0pVPSfgTCrL+jBia+sbm1vxbXNnd2//IHF4VJd+KCjUqM990XSIBM48qCmmODQDAcR1ODSc0eXMb4xBSOZ7VTUJoOOSgcf6jBKlpfpt6sapnncTSSudzdsXxQzWpGAXC3lNbMvO5Uo4k7bmSKIlKt3EZ7vn09AFT1FOpGxlrEB1IiIUoxymZjuUEBA6IgNoaeoRF2Qnml87xWda6eG+L3R5Cs/VnxMRcaWcuI7udIkayt/eTPzLa4WqX+xEzAtCBR5dLOqHHCsfz17HPSaAKj7RhFDB9K2YDokgVOmAVrYMgY9BTU1TJ/P9Pv6f1LLpUtq6yyXLV8uI4ugEnaIUyqACKqNrVEE1RNE9ekRP6Nl4MF6MV+Nt0RozljPHaAXG+xcKIJcF</latexit>

• Space: O(M)
<latexit sha1_base64="/jhe9yOs8Ce4NnQZnTUlrLxzvYc=">AAAB/3icdVDLSgNBEJyNrxhfUY9eBoMQL8tuNjHJLaAHL2IEo4FkCbOTTjJk9sHMbCAsufgBXvUTPIlXP8Uv8DecPAQjWtBQVHXT3eVFnEllWR9GamV1bX0jvZnZ2t7Z3cvuH9zJMBYUGjTkoWh6RAJnATQUUxyakQDiexzuveH51L8fgZAsDG7VOALXJ/2A9Rglaipd569OO9mcZRZKzlnFxpqUnUq5pIljOcViFdumNUMOLVDvZD/b3ZDGPgSKciJly7Yi5SZEKEY5TDLtWEJE6JD0oaVpQHyQbjK7dYJPtNLFvVDoChSeqT8nEuJLOfY93ekTNZC/van4l9eKVa/iJiyIYgUBnS/qxRyrEE8fx10mgCo+1oRQwfStmA6IIFTpeJa2DICPQE0yGZ3M9/v4f9IomFXTuinmaheLiNLoCB2jPLJRGdXQJaqjBqJogB7RE3o2HowX49V4m7emjMXMIVqC8f4Fm1SWOw==</latexit><latexit sha1_base64="/jhe9yOs8Ce4NnQZnTUlrLxzvYc=">AAAB/3icdVDLSgNBEJyNrxhfUY9eBoMQL8tuNjHJLaAHL2IEo4FkCbOTTjJk9sHMbCAsufgBXvUTPIlXP8Uv8DecPAQjWtBQVHXT3eVFnEllWR9GamV1bX0jvZnZ2t7Z3cvuH9zJMBYUGjTkoWh6RAJnATQUUxyakQDiexzuveH51L8fgZAsDG7VOALXJ/2A9Rglaipd569OO9mcZRZKzlnFxpqUnUq5pIljOcViFdumNUMOLVDvZD/b3ZDGPgSKciJly7Yi5SZEKEY5TDLtWEJE6JD0oaVpQHyQbjK7dYJPtNLFvVDoChSeqT8nEuJLOfY93ekTNZC/van4l9eKVa/iJiyIYgUBnS/qxRyrEE8fx10mgCo+1oRQwfStmA6IIFTpeJa2DICPQE0yGZ3M9/v4f9IomFXTuinmaheLiNLoCB2jPLJRGdXQJaqjBqJogB7RE3o2HowX49V4m7emjMXMIVqC8f4Fm1SWOw==</latexit><latexit sha1_base64="/jhe9yOs8Ce4NnQZnTUlrLxzvYc=">AAAB/3icdVDLSgNBEJyNrxhfUY9eBoMQL8tuNjHJLaAHL2IEo4FkCbOTTjJk9sHMbCAsufgBXvUTPIlXP8Uv8DecPAQjWtBQVHXT3eVFnEllWR9GamV1bX0jvZnZ2t7Z3cvuH9zJMBYUGjTkoWh6RAJnATQUUxyakQDiexzuveH51L8fgZAsDG7VOALXJ/2A9Rglaipd569OO9mcZRZKzlnFxpqUnUq5pIljOcViFdumNUMOLVDvZD/b3ZDGPgSKciJly7Yi5SZEKEY5TDLtWEJE6JD0oaVpQHyQbjK7dYJPtNLFvVDoChSeqT8nEuJLOfY93ekTNZC/van4l9eKVa/iJiyIYgUBnS/qxRyrEE8fx10mgCo+1oRQwfStmA6IIFTpeJa2DICPQE0yGZ3M9/v4f9IomFXTuinmaheLiNLoCB2jPLJRGdXQJaqjBqJogB7RE3o2HowX49V4m7emjMXMIVqC8f4Fm1SWOw==</latexit>

• Time: 

• Space: O(
p
n)

<latexit sha1_base64="bsUzFg45sVOdG2Vx0PT830FZSqQ=">AAACBnicdVBLSgNBEO2Jvzj+oi7dNAYhbsLko4k7QRfujGBUmITQ06mYJj09Y3eNEIYcwAO41SO4ErdewxN4DTsxgoo+KHi8V0VVvSCWwqDnvTmZmdm5+YXsoru0vLK6llvfuDBRojk0eSQjfRUwA1IoaKJACVexBhYGEi6DwdHYv7wFbUSkznEYQztk10r0BGdoJf+00DI3GlM12u3k8l6xvFfZr5eoJbVKvbZnScWrVKsHtFT0JsiTKRqd3HurG/EkBIVcMmP8khdjO2UaBZcwcluJgZjxAbsG31LFQjDtdHLyiO5YpUt7kbalkE7U7xMpC40ZhoHtDBn2zW9vLP7l+Qn26u1UqDhBUPxzUS+RFCM6/p92hQaOcmgJ41rYWynvM8042pR+bOmDvAUcua5N5ut9+j9plosHRe+smj88nkaUJVtkmxRIidTIITkhDdIknETknjyQR+fOeXKenZfP1owzndkkP+C8fgDdpZnA</latexit><latexit sha1_base64="bsUzFg45sVOdG2Vx0PT830FZSqQ=">AAACBnicdVBLSgNBEO2Jvzj+oi7dNAYhbsLko4k7QRfujGBUmITQ06mYJj09Y3eNEIYcwAO41SO4ErdewxN4DTsxgoo+KHi8V0VVvSCWwqDnvTmZmdm5+YXsoru0vLK6llvfuDBRojk0eSQjfRUwA1IoaKJACVexBhYGEi6DwdHYv7wFbUSkznEYQztk10r0BGdoJf+00DI3GlM12u3k8l6xvFfZr5eoJbVKvbZnScWrVKsHtFT0JsiTKRqd3HurG/EkBIVcMmP8khdjO2UaBZcwcluJgZjxAbsG31LFQjDtdHLyiO5YpUt7kbalkE7U7xMpC40ZhoHtDBn2zW9vLP7l+Qn26u1UqDhBUPxzUS+RFCM6/p92hQaOcmgJ41rYWynvM8042pR+bOmDvAUcua5N5ut9+j9plosHRe+smj88nkaUJVtkmxRIidTIITkhDdIknETknjyQR+fOeXKenZfP1owzndkkP+C8fgDdpZnA</latexit><latexit sha1_base64="bsUzFg45sVOdG2Vx0PT830FZSqQ=">AAACBnicdVBLSgNBEO2Jvzj+oi7dNAYhbsLko4k7QRfujGBUmITQ06mYJj09Y3eNEIYcwAO41SO4ErdewxN4DTsxgoo+KHi8V0VVvSCWwqDnvTmZmdm5+YXsoru0vLK6llvfuDBRojk0eSQjfRUwA1IoaKJACVexBhYGEi6DwdHYv7wFbUSkznEYQztk10r0BGdoJf+00DI3GlM12u3k8l6xvFfZr5eoJbVKvbZnScWrVKsHtFT0JsiTKRqd3HurG/EkBIVcMmP8khdjO2UaBZcwcluJgZjxAbsG31LFQjDtdHLyiO5YpUt7kbalkE7U7xMpC40ZhoHtDBn2zW9vLP7l+Qn26u1UqDhBUPxzUS+RFCM6/p92hQaOcmgJ41rYWynvM8042pR+bOmDvAUcua5N5ut9+j9plosHRe+smj88nkaUJVtkmxRIidTIITkhDdIknETknjyQR+fOeXKenZfP1owzndkkP+C8fgDdpZnA</latexit>

O(n
p
n)

<latexit sha1_base64="cZcHiizBlhnFH9Cu1JtCPQoePOc=">AAACB3icdVBLSgNBEO2Jvzj+oi7dNAYhbsLko4k7QRfujGBUyITQ06mYJj09Y3eNEIZcwAO41SO4ErcewxN4DTsxgoo+KHi8V0VVvSCWwqDnvTmZmdm5+YXsoru0vLK6llvfuDBRojk0eSQjfRUwA1IoaKJACVexBhYGEi6DwdHYv7wFbUSkznEYQztk10r0BGdoJf+0oHxzozFVo91OLu8Vy3uV/XqJWlKr1Gt7llS8SrV6QEtFb4I8maLRyb373YgnISjkkhnTKnkxtlOmUXAJI9dPDMSMD9g1tCxVLATTTic3j+iOVbq0F2lbCulE/T6RstCYYRjYzpBh3/z2xuJfXivBXr2dChUnCIp/LuolkmJExwHQrtDAUQ4tYVwLeyvlfaYZRxvTjy19kLeAI9e1yXy9T/8nzXLxoOidVfOHx9OIsmSLbJMCKZEaOSQnpEGahJOY3JMH8ujcOU/Os/Py2ZpxpjOb5Aec1w+2ZZo4</latexit><latexit sha1_base64="cZcHiizBlhnFH9Cu1JtCPQoePOc=">AAACB3icdVBLSgNBEO2Jvzj+oi7dNAYhbsLko4k7QRfujGBUyITQ06mYJj09Y3eNEIZcwAO41SO4ErcewxN4DTsxgoo+KHi8V0VVvSCWwqDnvTmZmdm5+YXsoru0vLK6llvfuDBRojk0eSQjfRUwA1IoaKJACVexBhYGEi6DwdHYv7wFbUSkznEYQztk10r0BGdoJf+0oHxzozFVo91OLu8Vy3uV/XqJWlKr1Gt7llS8SrV6QEtFb4I8maLRyb373YgnISjkkhnTKnkxtlOmUXAJI9dPDMSMD9g1tCxVLATTTic3j+iOVbq0F2lbCulE/T6RstCYYRjYzpBh3/z2xuJfXivBXr2dChUnCIp/LuolkmJExwHQrtDAUQ4tYVwLeyvlfaYZRxvTjy19kLeAI9e1yXy9T/8nzXLxoOidVfOHx9OIsmSLbJMCKZEaOSQnpEGahJOY3JMH8ujcOU/Os/Py2ZpxpjOb5Aec1w+2ZZo4</latexit><latexit sha1_base64="cZcHiizBlhnFH9Cu1JtCPQoePOc=">AAACB3icdVBLSgNBEO2Jvzj+oi7dNAYhbsLko4k7QRfujGBUyITQ06mYJj09Y3eNEIZcwAO41SO4ErcewxN4DTsxgoo+KHi8V0VVvSCWwqDnvTmZmdm5+YXsoru0vLK6llvfuDBRojk0eSQjfRUwA1IoaKJACVexBhYGEi6DwdHYv7wFbUSkznEYQztk10r0BGdoJf+0oHxzozFVo91OLu8Vy3uV/XqJWlKr1Gt7llS8SrV6QEtFb4I8maLRyb373YgnISjkkhnTKnkxtlOmUXAJI9dPDMSMD9g1tCxVLATTTic3j+iOVbq0F2lbCulE/T6RstCYYRjYzpBh3/z2xuJfXivBXr2dChUnCIp/LuolkmJExwHQrtDAUQ4tYVwLeyvlfaYZRxvTjy19kLeAI9e1yXy9T/8nzXLxoOidVfOHx9OIsmSLbJMCKZEaOSQnpEGahJOY3JMH8ujcOU/Os/Py2ZpxpjOb5Aec1w+2ZZo4</latexit>(optimality)

Note: one pass over the data is reached after        iterationsdn
b e

<latexit sha1_base64="75o6M2hy73J310VjC60TsjZRc5A="></latexit><latexit sha1_base64="75o6M2hy73J310VjC60TsjZRc5A="></latexit><latexit sha1_base64="75o6M2hy73J310VjC60TsjZRc5A="></latexit>

O(
p
n)

<latexit sha1_base64="HZp5B30dYiqRl11qhA/jkGUrgMc="></latexit><latexit sha1_base64="HZp5B30dYiqRl11qhA/jkGUrgMc="></latexit><latexit sha1_base64="HZp5B30dYiqRl11qhA/jkGUrgMc="></latexit>

p
n

<latexit sha1_base64="Ah/MKvyCdGN8oT0hmTPZENpye5Q=">AAACAnicdVDLTgJBEJzFF+IL9ehlIjHxRJaXwI1EDx4xESEBQmaHBibMzq4zvSSEcPQDvOoneDJe/RG/wN9weJiI0Uo6qVR1p7vLC6Uw6LofTmxtfWNzK76d2Nnd2z9IHh7dmSDSHGo8kIFueMyAFApqKFBCI9TAfE9C3Rtezvz6CLQRgbrFcQhtn/WV6AnO0Er1lrnXSFUnmXLT2ULuopShlhRzpWLBkpyby+fLNJN250iRJaqd5GerG/DIB4VcMmOaGTfE9oRpFFzCNNGKDISMD1kfmpYq5oNpT+bnTumZVbq0F2hbCulc/TkxYb4xY9+znT7DgfntzcS/vGaEvVJ7IlQYISi+WNSLJMWAzn6nXaGBoxxbwrgW9lbKB0wzjjahlS0DkCPAaSJhk/l+n/5Patl0Oe3e5FOVq2VEcXJCTsk5yZAiqZBrUiU1wsmQPJIn8uw8OC/Oq/O2aI05y5ljsgLn/QvmqJgg</latexit><latexit sha1_base64="Ah/MKvyCdGN8oT0hmTPZENpye5Q=">AAACAnicdVDLTgJBEJzFF+IL9ehlIjHxRJaXwI1EDx4xESEBQmaHBibMzq4zvSSEcPQDvOoneDJe/RG/wN9weJiI0Uo6qVR1p7vLC6Uw6LofTmxtfWNzK76d2Nnd2z9IHh7dmSDSHGo8kIFueMyAFApqKFBCI9TAfE9C3Rtezvz6CLQRgbrFcQhtn/WV6AnO0Er1lrnXSFUnmXLT2ULuopShlhRzpWLBkpyby+fLNJN250iRJaqd5GerG/DIB4VcMmOaGTfE9oRpFFzCNNGKDISMD1kfmpYq5oNpT+bnTumZVbq0F2hbCulc/TkxYb4xY9+znT7DgfntzcS/vGaEvVJ7IlQYISi+WNSLJMWAzn6nXaGBoxxbwrgW9lbKB0wzjjahlS0DkCPAaSJhk/l+n/5Patl0Oe3e5FOVq2VEcXJCTsk5yZAiqZBrUiU1wsmQPJIn8uw8OC/Oq/O2aI05y5ljsgLn/QvmqJgg</latexit><latexit sha1_base64="Ah/MKvyCdGN8oT0hmTPZENpye5Q=">AAACAnicdVDLTgJBEJzFF+IL9ehlIjHxRJaXwI1EDx4xESEBQmaHBibMzq4zvSSEcPQDvOoneDJe/RG/wN9weJiI0Uo6qVR1p7vLC6Uw6LofTmxtfWNzK76d2Nnd2z9IHh7dmSDSHGo8kIFueMyAFApqKFBCI9TAfE9C3Rtezvz6CLQRgbrFcQhtn/WV6AnO0Er1lrnXSFUnmXLT2ULuopShlhRzpWLBkpyby+fLNJN250iRJaqd5GerG/DIB4VcMmOaGTfE9oRpFFzCNNGKDISMD1kfmpYq5oNpT+bnTumZVbq0F2hbCulc/TkxYb4xY9+znT7DgfntzcS/vGaEvVJ7IlQYISi+WNSLJMWAzn6nXaGBoxxbwrgW9lbKB0wzjjahlS0DkCPAaSJhk/l+n/5Patl0Oe3e5FOVq2VEcXJCTsk5yZAiqZBrUiU1wsmQPJIn8uw8OC/Oq/O2aI05y5ljsgLn/QvmqJgg</latexit>

bwt+1 = bwt � �t
1

b

btX

i=b(t�1)+1

r
⇣�

yji � bw>
t �M (xji)

�2⌘

<latexit sha1_base64="tdt4USHHpk2FAy09BFrX8mK2qGc="></latexit><latexit sha1_base64="tdt4USHHpk2FAy09BFrX8mK2qGc="></latexit><latexit sha1_base64="tdt4USHHpk2FAy09BFrX8mK2qGc="></latexit>

SGD-RF

t = 1, . . . , T
<latexit sha1_base64="M0WLLgR0BULvsin9nx71yJkZfY0="></latexit><latexit sha1_base64="M0WLLgR0BULvsin9nx71yJkZfY0="></latexit><latexit sha1_base64="M0WLLgR0BULvsin9nx71yJkZfY0="></latexit>

j1, . . . , jbT ⇠ U(1, n)
<latexit sha1_base64="KOwiiPCyxG9AfsjBIXe7hYB4Hls="></latexit><latexit sha1_base64="KOwiiPCyxG9AfsjBIXe7hYB4Hls="></latexit><latexit sha1_base64="KOwiiPCyxG9AfsjBIXe7hYB4Hls="></latexit>

with  and  

Analysis holds for decreasing step-size

Note: [3] allows constant step-size by averaging, while SGD-RF by mini-batching

Remarks

[4] J. Lin and L. Rosasco. Optimal rates for multi-pass stochastic gradient methods. JMLR, 2017

Corollary: Under basic assumptions, for one of the following conditions 

M =
p
n

<latexit sha1_base64="+6pWUk8t0bV64hNHMiaNsdtSPhc=">AAACBnicdVBLSgNBEO2Jvzj+oi7dNAbB1TAx0cSFIOjCjRDBmEAyhJ5OxTTp6Rm7a4QQcgAP4FaP4Erceg1P4DXsxAgq+qDg8V4VVfXCRAqDvv/mZGZm5+YXsovu0vLK6lpufePKxKnmUOOxjHUjZAakUFBDgRIaiQYWhRLqYf9k7NdvQRsRq0scJBBE7FqJruAMrdQ8p0e0ZW40UtXO5X1vb794UClQS8rFSnnfkqJfLJUOacHzJ8iTKart3HurE/M0AoVcMmOaBT/BYMg0Ci5h5LZSAwnjfXYNTUsVi8AEw8nJI7pjlQ7txtqWQjpRv08MWWTMIAptZ8SwZ357Y/Evr5litxIMhUpSBMU/F3VTSTGm4/9pR2jgKAeWMK6FvZXyHtOMo03px5YeyFvAkevaZL7ep/+T2p536PkXpfzx6TSiLNki22SXFEiZHJMzUiU1wklM7skDeXTunCfn2Xn5bM0405lN8gPO6wfDvJkS</latexit><latexit sha1_base64="+6pWUk8t0bV64hNHMiaNsdtSPhc=">AAACBnicdVBLSgNBEO2Jvzj+oi7dNAbB1TAx0cSFIOjCjRDBmEAyhJ5OxTTp6Rm7a4QQcgAP4FaP4Erceg1P4DXsxAgq+qDg8V4VVfXCRAqDvv/mZGZm5+YXsovu0vLK6lpufePKxKnmUOOxjHUjZAakUFBDgRIaiQYWhRLqYf9k7NdvQRsRq0scJBBE7FqJruAMrdQ8p0e0ZW40UtXO5X1vb794UClQS8rFSnnfkqJfLJUOacHzJ8iTKart3HurE/M0AoVcMmOaBT/BYMg0Ci5h5LZSAwnjfXYNTUsVi8AEw8nJI7pjlQ7txtqWQjpRv08MWWTMIAptZ8SwZ357Y/Evr5litxIMhUpSBMU/F3VTSTGm4/9pR2jgKAeWMK6FvZXyHtOMo03px5YeyFvAkevaZL7ep/+T2p536PkXpfzx6TSiLNki22SXFEiZHJMzUiU1wklM7skDeXTunCfn2Xn5bM0405lN8gPO6wfDvJkS</latexit><latexit sha1_base64="+6pWUk8t0bV64hNHMiaNsdtSPhc=">AAACBnicdVBLSgNBEO2Jvzj+oi7dNAbB1TAx0cSFIOjCjRDBmEAyhJ5OxTTp6Rm7a4QQcgAP4FaP4Erceg1P4DXsxAgq+qDg8V4VVfXCRAqDvv/mZGZm5+YXsovu0vLK6lpufePKxKnmUOOxjHUjZAakUFBDgRIaiQYWhRLqYf9k7NdvQRsRq0scJBBE7FqJruAMrdQ8p0e0ZW40UtXO5X1vb794UClQS8rFSnnfkqJfLJUOacHzJ8iTKart3HurE/M0AoVcMmOaBT/BYMg0Ci5h5LZSAwnjfXYNTUsVi8AEw8nJI7pjlQ7txtqWQjpRv08MWWTMIAptZ8SwZ357Y/Evr5litxIMhUpSBMU/F3VTSTGm4/9pR2jgKAeWMK6FvZXyHtOMo03px5YeyFvAkevaZL7ep/+T2p536PkXpfzx6TSiLNki22SXFEiZHJMzUiU1wklM7skDeXTunCfn2Xn5bM0405lN8gPO6wfDvJkS</latexit>

and 

1.                      and                 iterations (        passes over the data);b = 1- � ' 1
n -

<latexit sha1_base64="rqyH4wVOBjGS3EIKFsdq+XRgZCY="></latexit><latexit sha1_base64="rqyH4wVOBjGS3EIKFsdq+XRgZCY="></latexit><latexit sha1_base64="rqyH4wVOBjGS3EIKFsdq+XRgZCY="></latexit>

T = n
√
n

<latexit sha1_base64="9rlXsiW6vl4AdHbLR7TFIqTRdM0=">AAACCHicdVBLSgNBEK3xb/xFXQrSKIKrMDFq4kIQdOFSwaiQDNLTqZgmPT2T7ppAGHICD+BWj+BK3HoLT+A17CQKKvqg4PFeFVX1wkRJS77/5o2NT0xOTc/M5ubmFxaX8ssrlzZOjcCqiFVsrkNuUUmNVZKk8DoxyKNQ4VXYPh74V100Vsb6gnoJBhG/1bIpBScnBRfskOm67RjKdP8mv+kXdvZK+5Uic6RcqpT3HCn5pd3dA1Ys+ENsHq3fJQwAzm7y7/VGLNIINQnFra0V/YSCjBuSQmE/V08tJly0+S3WHNU8Qhtkw6P7bMspDdaMjStNbKh+n8h4ZG0vCl1nxKllf3sD8S+vllKzEmRSJymhFqNFzVQxitkgAdaQBgWpniNcGOluZaLFDRfkcvqxpYWqi9TP5VwyX++z/0l1p3BQ8M9dQicwwgyswQZsQxHKcASncAZVENCBe3iAR+/Oe/KevZdR65j3ObMKP+C9fgBDR5vo</latexit><latexit sha1_base64="FyfhsPpv+QkioDF4cVaa/EgK+Yo="></latexit><latexit sha1_base64="FyfhsPpv+QkioDF4cVaa/EgK+Yo="></latexit>

√
n

<latexit sha1_base64="mq35w1G5q6CWE1DvbWbx/F2aqtc=">AAACA3icdVDLSgNBEOz1bXxFPQoyKIKnsEnUxJugB48KRgNJCLOTTjJkdnad6RXCkqsXb171EzyJVz/EL/A3nCQKKlrQUFR1090VxEpa8v03b2Jyanpmdm4+s7C4tLySXV27tFFiBFZEpCJTDbhFJTVWSJLCamyQh4HCq6B3PPSvbtBYGekL6sfYCHlHy7YUnJxUrdtrQ6keNLPbfq6wXzwo55kjpWK5tO9I0S/u7R2yfM4fYfto8y5mAHDWzL7XW5FIQtQkFLe2lvdjaqTckBQKB5l6YjHmosc7WHNU8xBtIx3dO2A7TmmxdmRcaWIj9ftEykNr+2HgOkNOXfvbG4p/ebWE2uVGKnWcEGoxXtROFKOIDZ9nLWlQkOo7woWR7lYmutxwQS6iH1u6qG6QBpmMS+brffY/qRRyhzn/3CV0AmPMwQZswS7koQRHcApnUAEBCu7hAR69W+/Je/Zexq0T3ufMOvyA9/oBgT6adw==</latexit><latexit sha1_base64="8quUE6mxsS13wXlBl4G7fM8XEbc=">AAACA3icdVDLSgNBEJyNrxhfUY+CDAbFU9gkauJN0INHBaOBZAmzk44ZMju7zvQKYdmrF29e9RM8iVc/wE/wC/wNJ4mCihY0FFXddHf5kRQGXffNyUxMTk3PZGdzc/MLi0v55ZVzE8aaQ52HMtQNnxmQQkEdBUpoRBpY4Eu48PuHQ//iGrQRoTrDQQRewC6V6ArO0EqNlrnSmKi0nS+4xfJuZa9WopZUK7XqriUVt7Kzs09LRXeEwsH6bbSVec2etPPvrU7I4wAUcsmMaZbcCL2EaRRcQpprxQYixvvsEpqWKhaA8ZLRvSndtEqHdkNtSyEdqd8nEhYYMwh82xkw7Jnf3lD8y2vG2K15iVBRjKD4eFE3lhRDOnyedoQGjnJgCeNa2Fsp7zHNONqIfmzpgbwGTHM5m8zX+/R/Ui8X94vuqU3oiIyRJWtkg2yTEqmSA3JMTkidcCLJHbknD86N8+g8Oc/j1ozzObNKfsB5+QC0LZtQ</latexit><latexit sha1_base64="8quUE6mxsS13wXlBl4G7fM8XEbc=">AAACA3icdVDLSgNBEJyNrxhfUY+CDAbFU9gkauJN0INHBaOBZAmzk44ZMju7zvQKYdmrF29e9RM8iVc/wE/wC/wNJ4mCihY0FFXddHf5kRQGXffNyUxMTk3PZGdzc/MLi0v55ZVzE8aaQ52HMtQNnxmQQkEdBUpoRBpY4Eu48PuHQ//iGrQRoTrDQQRewC6V6ArO0EqNlrnSmKi0nS+4xfJuZa9WopZUK7XqriUVt7Kzs09LRXeEwsH6bbSVec2etPPvrU7I4wAUcsmMaZbcCL2EaRRcQpprxQYixvvsEpqWKhaA8ZLRvSndtEqHdkNtSyEdqd8nEhYYMwh82xkw7Jnf3lD8y2vG2K15iVBRjKD4eFE3lhRDOnyedoQGjnJgCeNa2Fsp7zHNONqIfmzpgbwGTHM5m8zX+/R/Ui8X94vuqU3oiIyRJWtkg2yTEqmSA3JMTkidcCLJHbknD86N8+g8Oc/j1ozzObNKfsB5+QC0LZtQ</latexit>

2.                        and            iterations (    pass over the data);b = 1- � ' 1p
n

-
<latexit sha1_base64="S9X00nQBi+VeU9GBKMvVftNZtxk="></latexit><latexit sha1_base64="S9X00nQBi+VeU9GBKMvVftNZtxk="></latexit><latexit sha1_base64="S9X00nQBi+VeU9GBKMvVftNZtxk="></latexit>

T = n
<latexit sha1_base64="Qc3a1GK9oWGaFDqG/LrhUsXu86c=">AAACAnicdVDLSgNBEJz1GeMr6tHLYBA8hU02MclBCOjBY4SsCSRLmJ10kiGzs8vMbCAsOfoBXvUTPIlXf8Qv8DecPAQjWtBQVHXT3eVHnClt2x/W2vrG5tZ2aie9u7d/cJg5Or5XYSwpuDTkoWz5RAFnAlzNNIdWJIEEPoemP7qe+c0xSMVC0dCTCLyADATrM0q0kZoNfIUTMe1msnauUHIuK3lsSNmplEuGOLZTLFZxPmfPkUVL1LuZz04vpHEAQlNOlGrn7Uh7CZGaUQ7TdCdWEBE6IgNoGypIAMpL5udO8blRergfSlNC47n6cyIhgVKTwDedAdFD9dubiX957Vj3K17CRBRrEHSxqB9zrEM8+x33mASq+cQQQiUzt2I6JJJQbRJa2TIEPgY9TadNMt/v4/+JW8hVc/adna3dLCNKoVN0hi5QHpVRDd2iOnIRRSP0iJ7Qs/VgvViv1tuidc1azpygFVjvXxr3l58=</latexit><latexit sha1_base64="Qc3a1GK9oWGaFDqG/LrhUsXu86c=">AAACAnicdVDLSgNBEJz1GeMr6tHLYBA8hU02MclBCOjBY4SsCSRLmJ10kiGzs8vMbCAsOfoBXvUTPIlXf8Qv8DecPAQjWtBQVHXT3eVHnClt2x/W2vrG5tZ2aie9u7d/cJg5Or5XYSwpuDTkoWz5RAFnAlzNNIdWJIEEPoemP7qe+c0xSMVC0dCTCLyADATrM0q0kZoNfIUTMe1msnauUHIuK3lsSNmplEuGOLZTLFZxPmfPkUVL1LuZz04vpHEAQlNOlGrn7Uh7CZGaUQ7TdCdWEBE6IgNoGypIAMpL5udO8blRergfSlNC47n6cyIhgVKTwDedAdFD9dubiX957Vj3K17CRBRrEHSxqB9zrEM8+x33mASq+cQQQiUzt2I6JJJQbRJa2TIEPgY9TadNMt/v4/+JW8hVc/adna3dLCNKoVN0hi5QHpVRDd2iOnIRRSP0iJ7Qs/VgvViv1tuidc1azpygFVjvXxr3l58=</latexit><latexit sha1_base64="Qc3a1GK9oWGaFDqG/LrhUsXu86c=">AAACAnicdVDLSgNBEJz1GeMr6tHLYBA8hU02MclBCOjBY4SsCSRLmJ10kiGzs8vMbCAsOfoBXvUTPIlXf8Qv8DecPAQjWtBQVHXT3eVHnClt2x/W2vrG5tZ2aie9u7d/cJg5Or5XYSwpuDTkoWz5RAFnAlzNNIdWJIEEPoemP7qe+c0xSMVC0dCTCLyADATrM0q0kZoNfIUTMe1msnauUHIuK3lsSNmplEuGOLZTLFZxPmfPkUVL1LuZz04vpHEAQlNOlGrn7Uh7CZGaUQ7TdCdWEBE6IgNoGypIAMpL5udO8blRergfSlNC47n6cyIhgVKTwDedAdFD9dubiX957Vj3K17CRBRrEHSxqB9zrEM8+x33mASq+cQQQiUzt2I6JJJQbRJa2TIEPgY9TadNMt/v4/+JW8hVc/adna3dLCNKoVN0hi5QHpVRDd2iOnIRRSP0iJ7Qs/VgvViv1tuidc1azpygFVjvXxr3l58=</latexit> 1<latexit sha1_base64="udbaYYleWfDnZTq162wSIgmkLH4=">AAAB/HicdVDbSkJBFJ1jN7Ob1WMvQxL0JHM8mvom1EOPCp0UVGTOuNXBORdm5ghykD6g1/qEnqLX/qUv6DcaL0FGLdiwWGtv9t7LiwRXmpAPK7WxubW9k97N7O0fHB5lj0/uVRhLBi4LRShbHlUgeACu5lpAK5JAfU9A0xtfz/3mBKTiYXCnpxF0fToM+IAzqo3UsHvZHMkXSs5VxcaGlJ1KuWSIQ5xisYrtPFkgh1ao97KfnX7IYh8CzQRVqm2TSHcTKjVnAmaZTqwgomxMh9A2NKA+qG6yOHSGL4zSx4NQmgo0Xqg/JxLqKzX1PdPpUz1Sv725+JfXjvWg0k14EMUaArZcNIgF1iGef437XALTYmoIZZKbWzEbUUmZNtmsbRmBmICeZTImme/38f/ELeSredIgudrNKqI0OkPn6BLZqIxq6BbVkYsYAvSIntCz9WC9WK/W27I1Za1mTtEarPcv/d6VXQ==</latexit><latexit sha1_base64="udbaYYleWfDnZTq162wSIgmkLH4=">AAAB/HicdVDbSkJBFJ1jN7Ob1WMvQxL0JHM8mvom1EOPCp0UVGTOuNXBORdm5ghykD6g1/qEnqLX/qUv6DcaL0FGLdiwWGtv9t7LiwRXmpAPK7WxubW9k97N7O0fHB5lj0/uVRhLBi4LRShbHlUgeACu5lpAK5JAfU9A0xtfz/3mBKTiYXCnpxF0fToM+IAzqo3UsHvZHMkXSs5VxcaGlJ1KuWSIQ5xisYrtPFkgh1ao97KfnX7IYh8CzQRVqm2TSHcTKjVnAmaZTqwgomxMh9A2NKA+qG6yOHSGL4zSx4NQmgo0Xqg/JxLqKzX1PdPpUz1Sv725+JfXjvWg0k14EMUaArZcNIgF1iGef437XALTYmoIZZKbWzEbUUmZNtmsbRmBmICeZTImme/38f/ELeSredIgudrNKqI0OkPn6BLZqIxq6BbVkYsYAvSIntCz9WC9WK/W27I1Za1mTtEarPcv/d6VXQ==</latexit><latexit sha1_base64="udbaYYleWfDnZTq162wSIgmkLH4=">AAAB/HicdVDbSkJBFJ1jN7Ob1WMvQxL0JHM8mvom1EOPCp0UVGTOuNXBORdm5ghykD6g1/qEnqLX/qUv6DcaL0FGLdiwWGtv9t7LiwRXmpAPK7WxubW9k97N7O0fHB5lj0/uVRhLBi4LRShbHlUgeACu5lpAK5JAfU9A0xtfz/3mBKTiYXCnpxF0fToM+IAzqo3UsHvZHMkXSs5VxcaGlJ1KuWSIQ5xisYrtPFkgh1ao97KfnX7IYh8CzQRVqm2TSHcTKjVnAmaZTqwgomxMh9A2NKA+qG6yOHSGL4zSx4NQmgo0Xqg/JxLqKzX1PdPpUz1Sv725+JfXjvWg0k14EMUaArZcNIgF1iGef437XALTYmoIZZKbWzEbUUmZNtmsbRmBmICeZTImme/38f/ELeSredIgudrNKqI0OkPn6BLZqIxq6BbVkYsYAvSIntCz9WC9WK/W27I1Za1mTtEarPcv/d6VXQ==</latexit>

3.                        and              iterations (    pass over the data);T =
√
n

<latexit sha1_base64="21uZ35EV6H87M+9F/27HN/Y2ixE=">AAACB3icdVDLSgNBEOz1bXxFPQoyKIKnsDFq4kEQ9OBRIVEhCWF20kkGZ2fXmV4hLPkBvXvVT/AkXv0Mv8DfcJIoGNGChqKqm+6uIFbSku+/e2PjE5NT0zOzmbn5hcWl7PLKhY0SI7AiIhWZq4BbVFJjhSQpvIoN8jBQeBlcH/f9y1s0Vka6TN0Y6yFva9mSgpOTamV2yGr2xlCqe43spp/b2Svsl/LMkWKhVNxzpOAXdncPWD7nD7B5tH4fMwA4a2Q/as1IJCFqEopbW837MdVTbkgKhb1MLbEYc3HN21h1VPMQbT0d3NxjW05pslZkXGliA/XnRMpDa7th4DpDTh372+uLf3nVhFqleip1nBBqMVzUShSjiPUDYE1pUJDqOsKFke5WJjrccEEuppEtHVS3SL1MxiXz/T77n1R2cgc5/9wldAJDzMAabMA25KEIR3AKZ1ABATE8wCM8eXfes/fivQ5bx7yvmVUYgff2CWqZm3A=</latexit><latexit sha1_base64="sY7B4GZvRPHkJl6DQUz71BA1u48="></latexit><latexit sha1_base64="sY7B4GZvRPHkJl6DQUz71BA1u48="></latexit>

b =
p
n- � ' 1-

<latexit sha1_base64="RMUPqyZCFmbCW7ETTZnnw3FlOX4="></latexit><latexit sha1_base64="RMUPqyZCFmbCW7ETTZnnw3FlOX4="></latexit><latexit sha1_base64="RMUPqyZCFmbCW7ETTZnnw3FlOX4="></latexit>

1<latexit sha1_base64="udbaYYleWfDnZTq162wSIgmkLH4=">AAAB/HicdVDbSkJBFJ1jN7Ob1WMvQxL0JHM8mvom1EOPCp0UVGTOuNXBORdm5ghykD6g1/qEnqLX/qUv6DcaL0FGLdiwWGtv9t7LiwRXmpAPK7WxubW9k97N7O0fHB5lj0/uVRhLBi4LRShbHlUgeACu5lpAK5JAfU9A0xtfz/3mBKTiYXCnpxF0fToM+IAzqo3UsHvZHMkXSs5VxcaGlJ1KuWSIQ5xisYrtPFkgh1ao97KfnX7IYh8CzQRVqm2TSHcTKjVnAmaZTqwgomxMh9A2NKA+qG6yOHSGL4zSx4NQmgo0Xqg/JxLqKzX1PdPpUz1Sv725+JfXjvWg0k14EMUaArZcNIgF1iGef437XALTYmoIZZKbWzEbUUmZNtmsbRmBmICeZTImme/38f/ELeSredIgudrNKqI0OkPn6BLZqIxq6BbVkYsYAvSIntCz9WC9WK/W27I1Za1mTtEarPcv/d6VXQ==</latexit><latexit sha1_base64="udbaYYleWfDnZTq162wSIgmkLH4=">AAAB/HicdVDbSkJBFJ1jN7Ob1WMvQxL0JHM8mvom1EOPCp0UVGTOuNXBORdm5ghykD6g1/qEnqLX/qUv6DcaL0FGLdiwWGtv9t7LiwRXmpAPK7WxubW9k97N7O0fHB5lj0/uVRhLBi4LRShbHlUgeACu5lpAK5JAfU9A0xtfz/3mBKTiYXCnpxF0fToM+IAzqo3UsHvZHMkXSs5VxcaGlJ1KuWSIQ5xisYrtPFkgh1ao97KfnX7IYh8CzQRVqm2TSHcTKjVnAmaZTqwgomxMh9A2NKA+qG6yOHSGL4zSx4NQmgo0Xqg/JxLqKzX1PdPpUz1Sv725+JfXjvWg0k14EMUaArZcNIgF1iGef437XALTYmoIZZKbWzEbUUmZNtmsbRmBmICeZTImme/38f/ELeSredIgudrNKqI0OkPn6BLZqIxq6BbVkYsYAvSIntCz9WC9WK/W27I1Za1mTtEarPcv/d6VXQ==</latexit><latexit sha1_base64="udbaYYleWfDnZTq162wSIgmkLH4=">AAAB/HicdVDbSkJBFJ1jN7Ob1WMvQxL0JHM8mvom1EOPCp0UVGTOuNXBORdm5ghykD6g1/qEnqLX/qUv6DcaL0FGLdiwWGtv9t7LiwRXmpAPK7WxubW9k97N7O0fHB5lj0/uVRhLBi4LRShbHlUgeACu5lpAK5JAfU9A0xtfz/3mBKTiYXCnpxF0fToM+IAzqo3UsHvZHMkXSs5VxcaGlJ1KuWSIQ5xisYrtPFkgh1ao97KfnX7IYh8CzQRVqm2TSHcTKjVnAmaZTqwgomxMh9A2NKA+qG6yOHSGL4zSx4NQmgo0Xqg/JxLqKzX1PdPpUz1Sv725+JfXjvWg0k14EMUaArZcNIgF1iGef437XALTYmoIZZKbWzEbUUmZNtmsbRmBmICeZTImme/38f/ELeSredIgudrNKqI0OkPn6BLZqIxq6BbVkYsYAvSIntCz9WC9WK/W27I1Za1mTtEarPcv/d6VXQ==</latexit>

4.                     and               iterations (       passes over the data);b = n- � ' 1-
<latexit sha1_base64="/ugvDSvRWtkcx3gHPXaaV4qjUP4="></latexit><latexit sha1_base64="/ugvDSvRWtkcx3gHPXaaV4qjUP4="></latexit><latexit sha1_base64="/ugvDSvRWtkcx3gHPXaaV4qjUP4="></latexit>

√
n

<latexit sha1_base64="mq35w1G5q6CWE1DvbWbx/F2aqtc=">AAACA3icdVDLSgNBEOz1bXxFPQoyKIKnsEnUxJugB48KRgNJCLOTTjJkdnad6RXCkqsXb171EzyJVz/EL/A3nCQKKlrQUFR1090VxEpa8v03b2Jyanpmdm4+s7C4tLySXV27tFFiBFZEpCJTDbhFJTVWSJLCamyQh4HCq6B3PPSvbtBYGekL6sfYCHlHy7YUnJxUrdtrQ6keNLPbfq6wXzwo55kjpWK5tO9I0S/u7R2yfM4fYfto8y5mAHDWzL7XW5FIQtQkFLe2lvdjaqTckBQKB5l6YjHmosc7WHNU8xBtIx3dO2A7TmmxdmRcaWIj9ftEykNr+2HgOkNOXfvbG4p/ebWE2uVGKnWcEGoxXtROFKOIDZ9nLWlQkOo7woWR7lYmutxwQS6iH1u6qG6QBpmMS+brffY/qRRyhzn/3CV0AmPMwQZswS7koQRHcApnUAEBCu7hAR69W+/Je/Zexq0T3ufMOvyA9/oBgT6adw==</latexit><latexit sha1_base64="8quUE6mxsS13wXlBl4G7fM8XEbc=">AAACA3icdVDLSgNBEJyNrxhfUY+CDAbFU9gkauJN0INHBaOBZAmzk44ZMju7zvQKYdmrF29e9RM8iVc/wE/wC/wNJ4mCihY0FFXddHf5kRQGXffNyUxMTk3PZGdzc/MLi0v55ZVzE8aaQ52HMtQNnxmQQkEdBUpoRBpY4Eu48PuHQ//iGrQRoTrDQQRewC6V6ArO0EqNlrnSmKi0nS+4xfJuZa9WopZUK7XqriUVt7Kzs09LRXeEwsH6bbSVec2etPPvrU7I4wAUcsmMaZbcCL2EaRRcQpprxQYixvvsEpqWKhaA8ZLRvSndtEqHdkNtSyEdqd8nEhYYMwh82xkw7Jnf3lD8y2vG2K15iVBRjKD4eFE3lhRDOnyedoQGjnJgCeNa2Fsp7zHNONqIfmzpgbwGTHM5m8zX+/R/Ui8X94vuqU3oiIyRJWtkg2yTEqmSA3JMTkidcCLJHbknD86N8+g8Oc/j1ozzObNKfsB5+QC0LZtQ</latexit><latexit sha1_base64="8quUE6mxsS13wXlBl4G7fM8XEbc=">AAACA3icdVDLSgNBEJyNrxhfUY+CDAbFU9gkauJN0INHBaOBZAmzk44ZMju7zvQKYdmrF29e9RM8iVc/wE/wC/wNJ4mCihY0FFXddHf5kRQGXffNyUxMTk3PZGdzc/MLi0v55ZVzE8aaQ52HMtQNnxmQQkEdBUpoRBpY4Eu48PuHQ//iGrQRoTrDQQRewC6V6ArO0EqNlrnSmKi0nS+4xfJuZa9WopZUK7XqriUVt7Kzs09LRXeEwsH6bbSVec2etPPvrU7I4wAUcsmMaZbcCL2EaRRcQpprxQYixvvsEpqWKhaA8ZLRvSndtEqHdkNtSyEdqd8nEhYYMwh82xkw7Jnf3lD8y2vG2K15iVBRjKD4eFE3lhRDOnyedoQGjnJgCeNa2Fsp7zHNONqIfmzpgbwGTHM5m8zX+/R/Ui8X94vuqU3oiIyRJWtkg2yTEqmSA3JMTkidcCLJHbknD86N8+g8Oc/j1ozzObNKfsB5+QC0LZtQ</latexit>

T =
√
n

<latexit sha1_base64="21uZ35EV6H87M+9F/27HN/Y2ixE=">AAACB3icdVDLSgNBEOz1bXxFPQoyKIKnsDFq4kEQ9OBRIVEhCWF20kkGZ2fXmV4hLPkBvXvVT/AkXv0Mv8DfcJIoGNGChqKqm+6uIFbSku+/e2PjE5NT0zOzmbn5hcWl7PLKhY0SI7AiIhWZq4BbVFJjhSQpvIoN8jBQeBlcH/f9y1s0Vka6TN0Y6yFva9mSgpOTamV2yGr2xlCqe43spp/b2Svsl/LMkWKhVNxzpOAXdncPWD7nD7B5tH4fMwA4a2Q/as1IJCFqEopbW837MdVTbkgKhb1MLbEYc3HN21h1VPMQbT0d3NxjW05pslZkXGliA/XnRMpDa7th4DpDTh372+uLf3nVhFqleip1nBBqMVzUShSjiPUDYE1pUJDqOsKFke5WJjrccEEuppEtHVS3SL1MxiXz/T77n1R2cgc5/9wldAJDzMAabMA25KEIR3AKZ1ABATE8wCM8eXfes/fivQ5bx7yvmVUYgff2CWqZm3A=</latexit><latexit sha1_base64="sY7B4GZvRPHkJl6DQUz71BA1u48="></latexit><latexit sha1_base64="sY7B4GZvRPHkJl6DQUz71BA1u48="></latexit>

we have

EE( bwT )� inf
w2H

E(w) . 1p
n

<latexit sha1_base64="y3aMVEx+dkbJ+oINssgCJ+1qLWY="></latexit><latexit sha1_base64="y3aMVEx+dkbJ+oINssgCJ+1qLWY="></latexit><latexit sha1_base64="y3aMVEx+dkbJ+oINssgCJ+1qLWY="></latexit>

� : X ! H
<latexit sha1_base64="hSIAH3QZwfktBGW2XHiLkqMuMRw="></latexit><latexit sha1_base64="hSIAH3QZwfktBGW2XHiLkqMuMRw="></latexit><latexit sha1_base64="hSIAH3QZwfktBGW2XHiLkqMuMRw="></latexit><latexit sha1_base64="hSIAH3QZwfktBGW2XHiLkqMuMRw="></latexit>

• same rate of “vanilla” Kernel Ridge Regression (KRR)
• same rate and same number of RF of Random Features KRR [2]

Comparison with Ridge Regression:

‣ one-pass SGD [3] ‣ multiple-pass SGD [4,5]
• As              , SGD-RF recovers the same rates and results ofM ! 1

<latexit sha1_base64="PEaMfS/CCSR/iZ1P0XhUuxyfSY4=">AAAB/XicdZDLSgMxFIYz9VbrrV52boJFcFWmnWrrrqALN0IFe4FOKZk004ZmMkNyRqml+CpuXCji1vdw59uYaSuo6A+Bj/+cwzn5vUhwDbb9YaUWFpeWV9KrmbX1jc2t7PZOQ4exoqxOQxGqlkc0E1yyOnAQrBUpRgJPsKY3PEvqzRumNA/lNYwi1glIX3KfUwLG6mb3LrGreH8ARKnwFrtc+jDqZnN2vnhcPnEcbKBccmw7gdNKyangQt6eKofmqnWz724vpHHAJFBBtG4X7Ag6Y6KAU8EmGTfWLCJ0SPqsbVCSgOnOeHr9BB8ap4f9UJknAU/d7xNjEmg9CjzTGRAY6N+1xPyr1o7Br3TGXEYxMElni/xYYAhxEgXuccUoiJEBQhU3t2I6IIpQMIFlTAhfP8X/Q6OYLxi+KuWq5/M40mgfHaAjVEBlVEUXqIbqiKI79ICe0LN1bz1aL9brrDVlzWd20Q9Zb5/O05V5</latexit><latexit sha1_base64="PEaMfS/CCSR/iZ1P0XhUuxyfSY4=">AAAB/XicdZDLSgMxFIYz9VbrrV52boJFcFWmnWrrrqALN0IFe4FOKZk004ZmMkNyRqml+CpuXCji1vdw59uYaSuo6A+Bj/+cwzn5vUhwDbb9YaUWFpeWV9KrmbX1jc2t7PZOQ4exoqxOQxGqlkc0E1yyOnAQrBUpRgJPsKY3PEvqzRumNA/lNYwi1glIX3KfUwLG6mb3LrGreH8ARKnwFrtc+jDqZnN2vnhcPnEcbKBccmw7gdNKyangQt6eKofmqnWz724vpHHAJFBBtG4X7Ag6Y6KAU8EmGTfWLCJ0SPqsbVCSgOnOeHr9BB8ap4f9UJknAU/d7xNjEmg9CjzTGRAY6N+1xPyr1o7Br3TGXEYxMElni/xYYAhxEgXuccUoiJEBQhU3t2I6IIpQMIFlTAhfP8X/Q6OYLxi+KuWq5/M40mgfHaAjVEBlVEUXqIbqiKI79ICe0LN1bz1aL9brrDVlzWd20Q9Zb5/O05V5</latexit><latexit sha1_base64="PEaMfS/CCSR/iZ1P0XhUuxyfSY4=">AAAB/XicdZDLSgMxFIYz9VbrrV52boJFcFWmnWrrrqALN0IFe4FOKZk004ZmMkNyRqml+CpuXCji1vdw59uYaSuo6A+Bj/+cwzn5vUhwDbb9YaUWFpeWV9KrmbX1jc2t7PZOQ4exoqxOQxGqlkc0E1yyOnAQrBUpRgJPsKY3PEvqzRumNA/lNYwi1glIX3KfUwLG6mb3LrGreH8ARKnwFrtc+jDqZnN2vnhcPnEcbKBccmw7gdNKyangQt6eKofmqnWz724vpHHAJFBBtG4X7Ag6Y6KAU8EmGTfWLCJ0SPqsbVCSgOnOeHr9BB8ap4f9UJknAU/d7xNjEmg9CjzTGRAY6N+1xPyr1o7Br3TGXEYxMElni/xYYAhxEgXuccUoiJEBQhU3t2I6IIpQMIFlTAhfP8X/Q6OYLxi+KuWq5/M40mgfHaAjVEBlVEUXqIbqiKI79ICe0LN1bz1aL9brrDVlzWd20Q9Zb5/O05V5</latexit><latexit sha1_base64="PEaMfS/CCSR/iZ1P0XhUuxyfSY4=">AAAB/XicdZDLSgMxFIYz9VbrrV52boJFcFWmnWrrrqALN0IFe4FOKZk004ZmMkNyRqml+CpuXCji1vdw59uYaSuo6A+Bj/+cwzn5vUhwDbb9YaUWFpeWV9KrmbX1jc2t7PZOQ4exoqxOQxGqlkc0E1yyOnAQrBUpRgJPsKY3PEvqzRumNA/lNYwi1glIX3KfUwLG6mb3LrGreH8ARKnwFrtc+jDqZnN2vnhcPnEcbKBccmw7gdNKyangQt6eKofmqnWz724vpHHAJFBBtG4X7Ag6Y6KAU8EmGTfWLCJ0SPqsbVCSgOnOeHr9BB8ap4f9UJknAU/d7xNjEmg9CjzTGRAY6N+1xPyr1o7Br3TGXEYxMElni/xYYAhxEgXuccUoiJEBQhU3t2I6IIpQMIFlTAhfP8X/Q6OYLxi+KuWq5/M40mgfHaAjVEBlVEUXqIbqiKI79ICe0LN1bz1aL9brrDVlzWd20Q9Zb5/O05V5</latexit>

Comparison with Stochastic Gradient Descent:


