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Motivation

Kernel methods provide provable statistically optimal solutions to nonparamet-
ric learning. However, direct implementations scale poorly with the data size
and are therefore computationally unsuitable for large-scale scenarios. The
search of new algorithmic strategies aimed at improving efficiency without
hurting the statistical accuracy is thus key to include kernel methods in the
modern machine learning toolbox.

Kernel Ridge Regression (KRR)

Regression:
yi = f(xi) + €

KRR: H Reproducing Kernel Hilbert Space (RKHS) of kernel K

I=1,....n

Representer: //(\,-’j = K(xj, x;) kernel matrix, y = [y1, . .. yal!

n

Ax) =Y cK(xi,x) ,

=1

c=(K+An)ly

Complexity: T = E[K, ® K], det(A) = Tr((T + \) "' T) effective dimension
A)

e statistics:

e computations: time O(n®), space O(n?)

Sketched/Accelerated KRR

Naive O(n’) lterating O( Tn?)
[? C|= :/y\ Copa| = |Ct| — [? Ct| + Z/]\
Sketching O(M?n) Splitting O((n/Q)>)
C K, “a
R _|g LI
_______________________________________ [N(Q CQ YQ
Combined methods
FALKONB!  LocalNysation!!l  Park
GD, CG lterating  O(Tn?) ]
5m O] 2] ' 2 O(TMn) - O(TM 2
Nystrom®!, RF Sketching O(M<*n) O(M2(n/ Q) (TM(n/Q)?)
D&CIl DC-KRRM Splitting  O((n/Q)3) ] ]
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Our Contribution

ParK, a new large-scale KRR solver that
e combines the computational benefits of iterations, sketching and splitting

e preserves the generalization power under suitable partitions

e introduces a new principled partition scheme for kernel methods

Input vs feature space partitions

e the complexity of the problem is measured by the effective dimension
e maximally orthogonal partitions minimize the effective dimension

e orthogonality that matters is with respect to the RKHS metric

o X input space, ¢ : X — H feature map

e partition ¢(X’) rather than X

Feature space Voronoi partitions

Greedy select the Voronoi centroids

cg+1 =  argmax  SC(c)

ce{x}"\{c1,....cq}
where SCy(c) is the Schur complement of [K(cx, )]} in [Kfﬁccf))T /};((c(:k’c;kh))}

ParK

1. partition the feature space into () Voronoi cells:
Q
o) =JVe Vo= 1{6(x) : g = argmin o(x) — o))
g=1

2. solve (iterated, sketched) KRR locally on each cell:

~

fq € Hg = span V,

3. predict new samples on the corresponding cells:

if p(x) € V,

Computational complexity

naive iterativel® Nystrom/RF>2 FALKONEB! D&CI Park

space n’ n M? M? (n/Q)* maxq Mg
time n’ Tn? M?n TMn (n/@)® Q%nlog(n) + max, T,M,n,
test n n M M n Q + maxq M,

*For D&C and ParK, we report the time complexity on @ parallel machines and the space

requirement for each machine.
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Theoretical results

Let 6 = mingzx £(Hq, Hi) and Ay = An/#V,. Then w.h.p.

A n

|F— £IP S (1+ QXcos(0))A + (1 , cos2<9>> dui(\)

When cells are orthogonal (ie. H = 69321 Hy ie 0 = 7/2), we recover
deff( \)

IF — £ < A

When cos(8) = O(min(1/Q%, \)), we obtain
7= s 0 (x+ =)
n

Experiments

HIGGS n =~ 107
TIME (SEC.)

TAXI n= 10
ERROR TIME (MIN.) ERROR

(RMSE) (1—AUCQ)
INIT TRAIN TOTAL INIT TRAIN TOTAL
PARK 312.04+0.2 2541 39+13 64+13 0.182+0.001 30+£2 4744172 504+172
FALKON 311.7£0.1 - - 120+1 0.1804+0.001 - - (1516
D& C-FALK 356.2+0.2 — - 14+1 0.21240.000 - — 50+1
D&C OUT OF MEMORY OUT OF MEMORY

AIRLINE-CLS n ~ 10°
TIME (SEC.)
INIT TRAIN TOTAL

ATRLINE n = 10°
ERROR TIME (SEC.) ERROR
(MSE) (C-ERR)

INIT TRAIN TOTAL

PARK 0.760+£0.005 6+1 7149 77410 31.5+0.2% 941 5546 06416
FALKON 0.75840.005 - - 33442 31.5402% - - 391+5
D& C-FALK 0.834+0.005 - - 27+1 33.240.1% - - 2041
D&C ouT OF MEMORY OouUT OF MEMORY
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