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Motivation & Contribution

A successful approach used to scale kernel methods to large datasets is to

(1) find a small set of Nystrom centres that accurately approximates the kernel matrix,

(2) run a fast kernel regression solver exploiting the approximation.

The second step is currently much faster than the first, and the bottleneck of this pipeline
'S constructing an accurate set of Nystrom centres.

We propose BLESS, to remove this bottleneck. It is currently the fastest Nystrom center
selection algorithm with provable accuracy guarantees.

Learning Setting

Given (z;,y;);—1 i.i.d. samples from p, minimize the expected risk

min€(f)  E(f) = / (y — f(2))> dp(z, )
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Leverage Score Sampling

Given a dataset D = {x4,...,x,}, a positive definite kernel £: X x X = R, Model: f/\ 7 ( Z K(z;,x)a; f (K K Ky ) T X
~ o~ J n
let the kernel matrix K € R"*" , be such that K;; = k(x;,x;) a +
define the leverage score [1] as / Learning: Conjugate gradient
. computed with BLESS -
> [ B —1
LS K(Z, )\) — (K (K —I_ )\TLI) ) with 1 € [Tl] z - BBT _ EK]JA_lKJJ 4 AK]J
Theoretical Analisys . (31 )

Goal: Sampllng )= {i17 - ’iM} - {17 20 7n} B [n] accordlng 0 E(% )\) Theorem: Letn e N A > 0and 0 € (O, 1] Givent >0 and H € N, (Ah)thl ~ (1/2h_1)hH:1, Statistical Results
when (Jy, Ap)EL, are computed using BLESS, with probability at least 1 — 6 :

. do () = 033, \ |
Uniform (A) =n max £(i,A) Theorem: Letn € N, A > 0and 6 € (0,1]. Given t > log(n) when n > deg()) |

1 -
: | C(2, A < Ly (2, A < (1+t)l(e,A\p), Vie|n|,he|lH . .
doo () - (@) 1+1 (An) < £ (6 An) (1+ )66 An) i€ ln A with probability at least 1 — 9
(b). Tl < Ode(Mn) log(Hn/6)/t%)), Vh € [H] £(far) — inf £(f) < log (1/8) + A + e
Computing LS is too expensive. We need an approximation [3] In particular, when deff()\) S )\_1/04, for a > 1, by Se|ec’[ing A = n—a/(a—l—l)
N 1 R 1 Computational complexity: R(fa.,0) S ot
Approx-LS /;(i, M) = (Kw K;. (K JJ + AnA) K JZ-) with ¢ € [n] 1 1
An Cost of step h of BLESS:  |Ju|? + |Un||Jn|? < degr(A)” H X degt(Ap)* < 2>\—deﬂc()\h)
h h
- - doo (s Ao (s < atT . patT
Note that 71,1(i, A) = (i, \ Note: Set H — log, <_ FALKON-UNIFORM (A) + ndoo (M) < 2+
e FALKON-SQUEAK/RRLS  nda(\.)? + nden(.) S R
1 } » ] Overall runtime: 4dcq(\)°/A Algorithm Runtime  |J| FALKON-BLESS defr( A )? /A + ndegr (N ) < mena 4 epe
| Uniform sampling — 1/
4 ) . . . 3 m
Improves over existing algorithms: Exact RLS sampl. n defr(N)
‘ ‘ ‘ - . Two-Pass sampling n/\ Ao () Experlments
. / \_ / \ ) \ ) \_ 4/ \_/ e copute whole regularization path (A );,—, for free | Recursive-RLS ndeﬁ()\)i deg () Datasets: e SUSY: n~5-10° e HIGGS: n ~ 107
“—% J, accurate at scale \, SQUEAK nde(A) deft(N)
BLESS 1/X deg(N)2 deg(N) Much faster convergence uniform BLESS  FALKONI[4] Greater stability
o early stop at desired regularization A = Ag e \, % / with respect to hyper-parameters
{ | . (1s + 10m vs 12s + 2m) (1s + 5h vs 1.5m + 1.4h)
never compute all n £(z, \) (breaks linear bottleneck)
Test Accuracy e Test Error
Key new tools: | susy HiGGs | e
Chicken-and-Egg problem: need J to compute Approx-LS, need Approx-LS to compute J e control error Ly, ([n], \n) —— Ly, (Up, Ap) hint: |Un| ~ deo(Ar) < 1/ s sufficient y // TFAKOuSESS| 075
) i _ Ap, | - 075 07 T EALKONN B
Pre\"OUS AlgOrlth ms e control error Ly, (Up, Ap) —> Lj, (Un41, An+1) hint: |J:| N det(An) is sufficient = o :
Two-Pass sampling [1]: Given J; ~ Uniform and U, = [n] Ly (U, \) — Js o Time Comparison ~ LSAccuracy W
Recursive-RLS [2]: Given Uy C U, C U3 = [n| with Uy, Uy ~ Uniform o0 25 * : L ; o Ot et et et e e ot
Initialize Jy = Uj Ly, (Uz, A) = Ja Lj,(Us, A) = J3 $ 3 2 i * Limited accuracy improvement when using LS sampling over uniform. Data too easy?
07 1.5 =3
SQUEAK [3]: Given Uy, Us, Us partition of [n] Initialize J; = Uy é N " T References
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